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Abstract: We consider general field theories in six dimensions, with two of the dimensions 
compactified on a T 2 /Z 4 orbifold. Six-dimensional Weyl fermions propagating on this back¬ 
ground give rise to a chiral zero-mode, which makes them interesting for phenomenological 
applications. The compact two-dimensional space is flat and has three conical singularities. We 
consider the one-loop structure of these theories, and show that the presence of logarithmic 
divergences requires the introduction of counterterms precisely at these three singular points. 
We also show that the corresponding localized operators are rotationally symmetric in the plane 
of the two extra dimensions, as expected from the geometry about the singularities. We de¬ 
rive the propagators for spin-0, spin-1/2 and spin-1 fields in momentum space, in such a way 
that the appropriate boundary conditions are satisfied. This allows us to efficiently calculate 
loop diagrams in any given model. We give general expressions for the mass splittings among 
Kaluza-Klein modes within a given level. Our results can also be used to obtain interesting 
KK-parity preserving interactions among Kaluza-Klein modes. We pay special attention to the 
components of six-dimensional gauge fields that transform as scalars under the four-dimensional 
Lorentz group. These states provide a characteristic signature for these scenarios. In particular, 
we find that they can easily be the lightest particles in the Kaluza-Klein spectrum. 
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1. Introduction 

Recent years have seen a surge of interest in theories with extra dimensions. This is due, in 
part, to their potential to explain various unanswered questions in the standard model of particle 
physics. A second, no less important, reason is that many of these theories are amenable to 
verification or falsification in the next decade. Our ability to see the new physics and identify 
it as coming from a higher dimensional structure depends sensitively on which fields can probe 
the extra dimensions. 

One of the most straightforward extensions of the standard model is the assumption that all 
standard model particles propagate in more than four dimensions, also called Universal Extra 
Dimensions or UED’s. The additional dimensions are compact and would manifest themselves in 
Kaluza-Klein (KK) towers associated with each and every standard model field. These scenar¬ 
ios naturally contain a dark matter candidate, which can account for the observed dark matter 
energy density provided the compactification scale is around the electroweak (EW) scale [1]. 
The six-dimensional case has a number of additional attractive properties. The requirements 
of anomaly cancellation and fermion mass generation lead to the prediction that the number of 
fermion generations is a multiple of three Q. Also, an exact discrete symmetry of the compact- 
ified theory provides a natural explanation for the stability of matter, even if baryon number 
is violated near the EW scale [|jj. In addition, neutrinos are forced to be Dirac fermions [^]. 
Six-dinrensional theories have also been considered in ||. 

The phenomenology of the UED scenarios is rather interesting, and the five-dimensional case 
has received considerable attention ||. The interactions arising from bulk operators preserve 
KK-number, which is closely related to momentum conservation in the extra dimensions. An 
important consequence is that the heavy modes can only be pair produced by such interactions 
and the effective low-energy theory is simply the standard model, up to loop effects. As a result, 
the bounds on the compactification scale are of order a few hundred GeV 0, and the KK states 
should be accessible in high-energy collider experiments. It is essential to notice that a successful 
phenomenology can only be obtained when the compact space contains singularities, that allow 
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for a chiral low-energy theory. Such singularities can support operators that induce couplings 
among KK inodes not induced by the bulk interactions ]|]. Equally important is the fact that 
they give the leading contribution to the mass splittings among the states within a given KK 
level. For these reasons, the localized operators are essential in determining the phenomenology 
of these scenarios. Other studies emphasizing the role of localized terms in extra dimensional 
scenarios have appeared in [pj|. 

In this paper we consider field theories in six dimensions. Our aim is to understand in detail 
the quantum structure of these theories, in particular with regard to operators localized at the 
singular points. We assume a flat spacetime background and that two of the six dimensions are 
compactihed on a “chiral square”, as described in 11]. Related studies have appeared in 


|hj . |13|| . The chiral square compactification has the following simple description: starting from 
a two dimensional square region, adjacent sides of the square are identified in pairs. This can be 
contrasted with the torus construction where opposite sides are identified. The “chiral” square 
has the topology of a two-dimensional sphere, but the “curvature” is localized at three conical 
singularities. We will assign them coordinates (x , x 5 ) = (0,0), (L,L) and (0,L) ~ (1,0). The 
first two singularities have a deficit angle of 37t/2, while the latter has a deficit angle of n. These 
conical singularities play an important role in determining the physics of these scenarios. 

Fields propagating on the chiral square background can belong to four different classes, 
that may be characterized by the boundary conditions imposed on the sides of the fundamental 
square region: 

<h(x^, y, 0) = e m7r / 2< f>(x A1 ,0, y) , n = 0,1,2 or 3, (1.1) 


where x^ are coordinates for the non-compact dimensions and 0 < y < L parametrizes one pair 
of identified sides of the square. A similar condition holds for the second pair (see Ref. jlij 
for further details). In addition, the derivatives normal to the “edges” of the square satisfy the 
“smoothness” condition 


< % < £|( a ,4 )a .s) = (y i0 ) - -e m7r/2 9 4 $| (a ,4 i3; 5) = ( 0iy ) 


( 1 . 2 ) 


We will label the four classes of fields by the integer n, appearing in Eq. (0) , that characterizes 
the boundary conditions. 1 It is understood that n is defined modulo 4. Notice that only those 
fields that satisfy boundary conditions corresponding to n = 0 admit a zero-mode, with an 
associated flat profile. Furthermore, when considering 6D Weyl fermions, [we use + and — 
to label the 6D chiralities and reserve left and right to refer to the 4D chiralities], one finds that 
their 4D left- and right-handed chiralities obey boundary conditions corresponding to integers 
that differ by one: = ±1, where the sign depends on the 6D chirality of the fermion in 

question. Hence, fermions propagating on this space naturally lead to a chiral low-energy theory: 
at most one of the left- or right-handed chiralities has a zero mode. This compactification is 
equivalent to a T 2 /Z 4 orbifold [jlij] . 

1 There is a second category of fields satisfying “twisted” boundary conditions that never give rise to a zero¬ 

mode, but we do not consider them here. In the orbifold construction, this corresponds to starting with a “torus” 
with anti-periodic identifications, before moding out by the discrete Z4. See Jh| for further details. 
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Gauge fields propagating in six dimensions give rise to 4-dimensional spin-1 fields plus 
two scalar states per KK level. One linear combinations of these scalar states becomes the 
longitudinal polarization of the massive spin-1 fields, while the orthogonal combination remains 
as an additional scalar degree of freedom. This last phenomenon only occurs in six or higher 
dimensions, and the observation of such scalar states in the adjoint representation of the gauge 
group may be taken as a signature of the present class of scenarios. Following Ref. jll]], we refer 
to them as “spinless adjoints”. 

Another important property of these theories is that one can impose a Kaluza-Klein or 
KK-parity, defined on KK modes by 

(_i)i+* ; (L3) 

where 4? stands for a field of any spin, and j, k are integers labeling the KK level. The KK-parity 
has a geometrical interpretation as a rotation by ir about the center of the chiral square. 

It is important to keep in mind that higher dimensional field theories should be regarded as 
effective theories with a cutoff A, above which a more fundamental UV completion is required. 
Integrating out the (unknown) physics at the scale A determines, in principle, the coefficients of 
various operators through a matching calculation. Of course, even if we knew the UV completion, 
such a calculation could be in practice very difficult to perform. Therefore, in the spirit of 
effective theories, we simply allow for all operators consistent with the “low-energy” symmetries, 
and regard their coefficients as free parameters to be determined, if possible, by experiment. 

The operators one can write fall in two distinct classes. Bulk operators, such as the kinetic 
terms for the various bulk fields or the associated gauge interactions, and operators localized 
at the three singular points mentioned above. The renormalization program for these scenarios 
requires localized counterterms to absorb divergences in the quantized theory. In fact, we will 
see by an explicit computation that the necessary localized counterterms reside precisely at the 
conical singularities, and have the structure 

[5{x 4 )5^x b ) + 5{L - x 4 )5(L - x 5 )\ O i + 5(x 4 )5(L - x 5 )0 2 . (1.4) 

The fact that the operators at (0,0) and (L, L) have identical coefficients is a consequence of 
KK-parity. Localized operators at (0, L ) have coefficients that are, in general, unrelated to those 
on the previous two conical singularities. Therefore, in the 6D theory, each type of localized 
operator is characterized by two parameters. This should be contrasted with the 5D case, where 
a single parameter per operator is sufficient. 

The operators appearing in Oi have dimensionful coefficients, suppressed by the scale A. 
The most important ones are those with the lowest dimensionality. These are kinetic terms such 
as 

0,: = ~ r l A F lw F lw + + • • • , (1.5) 

where F^ v is the field strength of a generic gauge field, and T stands for a generic 6D fermion. 
We are assuming that the gauge bulk kinetic term operator has a coefficient —1/(4 g%), where 
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ge is the 6D gauge coupling constant with mass dimension -1, so that the gauge field has mass 
dimension 1, as in four dimensions. We also defined dimensionless coefficients r l A and f\,, with 
i = 1,2. 

The operators in Eq. (L5) are very important in determining the physics of these scenarios. 
They give the leading contributions to the mass splittings within states in a given KK-level. 
They also induce interactions among KK modes that do not arise from bulk operators. In 
fact, the interactions among KK-modes induced by bulk operators satisfy well defined rules 
that follow from the integrals over the extra dimensional space of the KK-mode wavefunction 
profiles. These “tree-level” selection rules are closely related to momentum conservation in the 
extra dimension, except that a reversing of momentum is allowed and the momenta along the 
two compact dimensions can be interchanged. We refer to these type of interactions as “KK- 
number” preserving. Interactions arising from localized operators, on the other hand, lead to 
KK-number violating transitions, which are of great phenomenological interest [|], 14]. The only 
constraint is that they should satisfy the KK-parity symmetry of Eq ( |l.3|) . 

It is clearly very important to have an idea of how large the corresponding mass splittings 
and KK-number violating couplings are. As mentioned before, the values of the dimensionless 


coefficients in Eq. (K5) at the scale A should be taken as free parameters. However, the values 
that are relevant to answer the previous question are those at the scale of the corresponding KK 
state, which is in general lower than A. Those values can be found by renormalization group 
(RG) evolution, with the “bare” coefficients at the scale A providing the initial conditions. 
The RG running is determined by the physics below A. Furthermore, it leads to a logarith¬ 
mic enhancement, so that one can expect the “low-energy” contribution to dominate over the 
“bare” one. 2 To the extent that the logarithm is sufficiently large, the size of the dimensionless 
coefficients is set by the physics below A. 

In this paper, we will calculate the contribution associated with the KK-modes below A 
at one-loop order. It is natural to ask to what extent one can trust the results of a one-loop 
calculation. To answer this question, it is necessary to be more specific about how to choose 
the cutoff scale of the theory. A conservative approach is to identify the cutoff A with the 
lowest scale where perturbativity is lost in some sector of the theory. For example, if the field 
content is that of the standard model, and the 4D effective low-energy theory is identified with 
the standard model, A is the scale at which the SU(3)c gauge interactions get strong. To be 
more precise, we define strong coupling to correspond to the case where the loop expansion 
breaks down. That is, all loop orders are equally important and there is no small expansion 
parameter. This criterion provides a way of estimating the dimensionless coefficients of any 
operator in the theory, when they are expressed in terms of the cutoff scale A, following the 


rules of Naive Dimensional Analysis or NDA [ 151. In extra dimensional theories, the possibility 
of having operators localized on subspaces of reduced dimensionality requires an extension of 
the NDA rules as first studied in [ful . 


2 Of course, in many instances the separation between the cutoff and KK scales may be of order 10, so that 
the log may be of order just a few. 
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However, in practical situations there are additional interactions that are weak at the scale A, 
e.g. gravitational or the electroweak and Yukawa interactions (other than those associated with 
the top quark). Loops involving such interactions have a natural expansion parameter in terms 
of the corresponding coupling. It is also natural to assume that bare operators involving, say, 
only particles interacting through electroweak interactions, have a corresponding suppression. 
This comments also hold for flavor violating transitions that are suppressed in the standard 
model. At any rate, based on phenomenological constraints, such an assumption about the size 
of the coefficients of certain operators induced by the UV completion seems necessary. As long 
as the assumption is technically natural, in the sense that said size is of the order of loop effects, 
we are willing to take it as part of the definition of the scenarios we are interested in. 

In the absence of a known UV completion for the kind of theories we study here, we assume 
that the order of magnitude of the coefficients of bulk and localized operators are no larger than 
the loop induced effects. For the strongly interacting sector, this agrees with the NDA rules. 
For weakly interacting particles our assumption amounts to the statement that the size of the 
bare coefficients, induced by the physics that was integrated out at the scale A, is no larger than 
the effects of the physics in the theory below A, which is well approximated by the lowest order 
term in the loop expansion. 

Thus, there are two qualitatively different cases: for particles that interact strongly, the 
best one can hope for is to estimate the size of the coefficients of local operators in the higher 


dimensional theory. The one-loop contribution to localized operators such as those in Eqs. (1.4) 
and (ED for the case of quarks and gluons can only be taken as indicative of the order of mag¬ 
nitude of the effect. Higher orders in the loop expansion give equally important contributions. 
On the other hand, for weakly interacting particles one can hope that the one-loop computation 
is a good approximation and the corresponding effects are under control. 

There are also finite one-loop effects that contribute to the mass splittings as well as to the 
KK-number violating interactions. Some of the finite contributions to the mass splittings can 
be calculated in the context of a simple torus compactification, as done in |J. These effects are 
subdominant, not being logarithmically enhanced. However, the finite contributions to certain 
KK-number violating interactions can be of phenomenological interest. We mention here two 
important cases: the couplings of KK-parity even states to a pair of zero-mode gauge bosons, 
and the coupling of KK-parity even spinless adjoints to a pair of zero-mode fermions. 

In the first instance, we notice that the couplings of zero-mode gauge bosons are rather 
constrained by the unbroken 4D gauge invariance associated with these massless spin-1 fields. 
To be specific, consider the coupling of a (1,1) KK-gluon to two gluons. The effective 4D 
operator must take the form of a product of three field strengths, one associated with each of 
the spin-1 fields. 3 This effective four-dimensional, KK-number violating operators can arise from 


3 Note that after KK decomposition, the cubic terms in the non-abelian gauge kinetic term of Eq. (1.5) naively 
lead to a vertex between two gluons and a (1,1) state. However, they also lead to mixing between the zero-mode 
and the heavy KK modes. The unbroken 4D gauge invariance insures that this system contains a massless state. 
Furthermore, there exists a basis where both kinetic and mass mixings between this state and the massive ones 
are absent. Therefore, dimension four operators that would induce a (0,0)-(0, 0)—(1, 1) vertex do not exist. 
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localized operators as in Eq. 0 with, e.g., 


°h2~^G.G.G, (1.6) 

where G stands for the gluon field strength and the dots denote appropriate contractions both 
for Lorentz and gauge indices. Using NDA to estimate the dimensionless coefficient, we find 
f ~ N c /l 4 , where U = 167r 2 , and N c is the number of colors. Integrating over the extra 
dimensions, we find an effective 4D operator 


1 

2 3 M 2 




G(o.o) .q(o,o) .q(i,i) , 


(1.7) 


where we chose the KK scale M c = l/R as the mass scale suppressing the operator. Although 
the fields are not canonically normalized, the coefficients of the various kinetic terms are of 
order 1/g 2 , where g 4 is the observed SU(3)c coupling, which is of order one at the KK scale. 
Therefore, the size of the effect can be read directly from Eq. 0- 

The ratio M c / A can be determined by matching the 6D and 4D gauge coupling constants. 
Neglecting the contribution to the kinetic term from the localized gauge operator in (|L^), this 
is simply g|/(7ri?) 2 ~ g\ = 0(1). Since NDA gives g\ A 2 ~ 1&/N C , where Iq = 1287T 3 is a 6D loop 
factor, we find (M c /A) 2 ~ N c tt 2 /1 6 N C /(2U). This suggests that operators such as 0 are 
generated at two-loop order. In fact, this is easy to see from the fact that at one loop only a 
finite number of states contribute to KK-number violating operators, and the finiteness follows 
from the corresponding statement in 4D QCD. At higher loop order, one encounters infinite KK 
sums that require the localized counterterms in Eq. 0- 

Nevertheless, we expect a non-vanishing, finite one-loop induced vertex between a (1,1) 
gluon and two zero-mode gluons. This corresponds to an effective 4D operator as in ( |l.7|) , but 
without the factor (M c / A) 2 . This finite effect clearly dominates over the expected contributions 
from the physics integrated out at the scale A. 

The second example where finite effects may play an important role is the coupling of the 
KK-parity even spinless adjoints to zero-mode fermions or gluons. The coupling to gluons is 
similar to the couplings of heavy gluons to gluons just discussed. The coupling to fermions 
arising from localized operators in the 6D theory proceeds through operators like 4 

01,2 ~ ^ T M T N T L md L G M N , ( 1 . 8 ) 

where M, N = 0,1,..., 5 run over the 6-dimensional Lorentz indices. Again, the NDA estimate 
corresponds to a two-loop effect, and the physical coupling is dominated by a finite one-loop 
contribution. Although quite interesting for phenomenological applications, the calculation of 
such finite effects is beyond the scope of this work. 

4 Note that the operator i'hir M r iv ']/2 Gmn has lower dimensionality. However, this operator flips chirality 
and is forbidden by gauge invariance for the standard model held content, unless tfq = , in which case it does 

not contain two fermion zero-modes. 
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In this paper we compute the one-loop logarithmically divergent contributions to the local¬ 
ized kinetic terms of scalar, fermion and gauge fields. This allows us to calculate the leading 
contributions to the mass splittings and to certain KK-number violating interactions such as 
those between KK-parity even gauge bosons and zero-mode fermions, which are of phenomeno¬ 
logical interest 0- Recall that the power-law divergences renormalize bulk operators and do 
not induce mass splittings. Our main results for the localized operators are given in Eqs. 

( |5.19| ), ( |5.38Q , ( |5.58| ), ( 5.67 ), (|5.78|) , ( |5.85| ), ( 5.10EQ , ( |5. 109 ) and ( 5.110 ) in the body of the paper, 
and are summarized in Eqs. We give here the mass shifts for fields of various spins, 

that can be read from those localized operators [see also Tables 0 , |and |]. 

In the following expressions, g 4 and A 4 ^ are the 4-dimensional gauge and Yukawa couplings, 
respectively. 02 (F) is the eigenvalue of the Casimir operator in the representation of the fields 
F = An, T or T, while Tr (T a T b ) = T(F)5 a b, where T a are the generators in the representation 
of the field F. We consider 6 D gauge fields which comprise 4D spin-1 and spin-0 components, 
6 D Weyl fermions that give rise to a zero-mode of any 4D chirality (we do not consider fermions 
satisfying n = 2 boundary conditions), and complex 6 D scalar fields satisfying any of the four 
boundary conditions n = 0,1, 2 or 3. The 6 D fermions can have any of the two 6 D chiralities, 
Notice that the Yukawa couplings require the presence of fermions with opposite 6 D chiralities. 

The mass-shifts are different for KK-parity even and KK-parity odd states, as a result of 
the localized operators at the conical singularity with coordinates (0, L). We obtain: 


For KK-parity odd states, 

• Spin-1 fields: 


( - \y+ k = - 1 ; 


SM & 


M, 


j,k 


A h 4 


16-7T 2 


yC 2 (4)-^T($) + ^T(<E>) 

\i> $ 


x 


-5/12 

1/12 

3/12 

1/12 


(1.9) 


Spinless adjoints: 




M, 


j,k 




13/4 

94 , A2 
167t 2 g? 

8 C 2 (A) -4^T(T) + ^T(T) x < 
^ $ 

-1/4 

-11/4 



l -V4 J 


( 1 . 10 ) 


Spin-1/2 fields: 


5M lk 


1 A 2 
In —^r 


Mj.fc 167T 2 fl 2 



5/8 

4 XI sl^W + Xl!A 4li | 2 x < 

gauge i 

1 

OO OO OO 

N CO O) 

1 1 


( 1 . 11 ) 


For chirality — fermions, \k_, the second and fourth lines are exchanged. 

































Spin-0 fields: 


5 






' 15/4 

' 2 

1 A 2 

167T 2 pL 2 

E 9ic 2 m x < 

gauge 


0 

0 



l 15/4 

0 

V. J 


( 1 . 12 ) 


In the equations for the spin-1 fields and spinless adjoints the sums run over 6D Weyl fermions, 
that give rise to a zero-mode. The four lines in the sums over the complex 6D scalars, <h, 
list the results for scalars obeying n = 0,1,2 and 3 boundary conditions, in that order. The 
terms proportional to C 2 (A) include the contributions of the complete 6D gauge multiplet, i.e. 
both the 4D spin-1 components, as well as the spinless adjoints. The sums in the equation for 
the fermions are over its gauge interactions, and Yukawa interactions with scalars obeying any 
of the four types of boundary conditions. Similar comments apply to the mass-shift of scalars. 
In this latter case, the four lines refer to the boundary conditions obeyed by the corresponding 
scalar, ordered as just mentioned. When the scalar satisfies n = 0 boundary conditions [first 
line in Eq. ( 1. 12| )] , there is also a localized bare mass contribution [see Eq. ( |6. 11 )j. In these 
formulae, /i is the renormalization scale, and should be taken of the order of the scale of the 
corresponding KK state, e.g. the tree-level mass Mj^ = y/ j 2 + k 2 /R. 

For KK-parity even states, ( — 1 y +k = +1: 

• Spin-1 fields: 


Mj,k 


si u4 

i j ‘ 


167T 2 


yC 2 (4)-^T(vt) + ^T($) 

>]> <i> 


x 


- 1/2 

1/6 

1/6 

1/6 


. (1.13) 


Spinless adjoints: 






7/2 

9 a i A 2 
16vr 2 11 A i 2 

9C 2 (A)-4^T(^) + ^T(T) x < 
^ $ 

-1/2 

-5/2 



l"V2 J 


(1.14) 


Spin-1/2 fields: 


SM 


j,k 


1 A 2 
In ■ 


Mjf, 167T 2 /i 2 



' 3/4 

5 Y, 54^2W + X]! A 4, i | 2 X< 

gauge i 

3/4 

-1/4 

,-5/4 


(1.15) 


For chirality — fermions, \k_, the second and fourth lines are exchanged. 
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Spin-0 fields: 




M h 


167T 2 


In ■ 


A 2 

h 2 



' 11/2 

' 2 

E 9ic 2 m x < 

15 o /4 +El^l 2 x. 

1 

0 

gauge 

k 15/4 

1 


■ (1.16) 


For scalars satisfying n = 1 or n = 3 boundary conditions (second and fourth lines), the 
Yukawa contribution given here applies when both 6D fermions in the loop give rise to a 
zero-mode. If only one of the fermions contains a zero-mode, the Yukawa contribution has 


the opposite sign [see subsection 5.3.3 for more details]. 


A nontrivial check of the previous mass-shift formulae can be obtained by considering a 
supersymmetric theory. As a first example, consider supersymmetric (SUSY) QCD in six di¬ 
mensions. This theory contains a 6 D gauge field and a 6 D Weyl fermion. For concreteness assume 
that the fermion has 6 D + chirality, A + , and that it gives rise to a left handed zero-mode. In 
4D, N = 1 language these fields arrange themselves into a vector multiplet, V = (A^, X+l), 
and a chiral multiplet, H = (A_,A3r), where A± = A4 ± iA§ are the spinless adjoints, and 
A+ = A+l + A+r. The boundary conditions break the higher dimensional supersymmetry down 
to 4D, N = 1 SUSY: V satisfies n = 0 boundary conditions, while H satisfies n = 1 boundary 
conditions. Therefore, the above formulae should predict that A M and A + l present the same 
mass-shift, as well as A + and \+r- Actually, since at each KK level A+l and \+r combine into 
a Dirac fermion, the complete 4D, N = 2 supermultiplet should present the same mass-shift, a 
fact that is easy to check from Eqs. ©0 [and independently from Eqs. ( |1.13| ) (|1.15| )]. 
One can also check some of the terms coming from the Yukawa interactions by adding a hy- 
permultiplet, i.e. a 6 D Weyl spinor, 4'_, assumed to have a left-handed zero-mode, and two 
complex 6 D scalars, <f> and 4> c . In 4D, N = 1 language these decompose into two chiral mul- 
tiplets, Q = (<J>, and Q c = (4> c , 4’ < L R ), where = i/j-l + ip~R. Now Q satisfies n = 0 
boundary conditions, while Q c satisfies n = 3 boundary conditions. In the SUSY limit, the 
gauginos interact with the scalars and fermions in the hypermultiplet with Yukawa couplings 
of strength A 4 = \Z2fj4 . Taking this into account, the mass-shifts for the KK parity odd gauge 
bosons, gauginos and spinless adjoints are all proportional to 4 C^A) — T(Q). Similarly, the 
mass-shifts for the KK-parity even states are proportional to 5 02 (A) — T(Q). To check that the 
fermion and scalar fields in the hypermultiplet present a common mass-shift requires inclusion 
of the effects from the trilinear and quartic scalar self-interactions in the scalar mass formu¬ 
lae, which we have not computed. Nevertheless, the mass-shift for the hypermultiplet can be 
obtained from the fermion mass-shift formulae given above. 

Notice that there are a couple of qualitative differences compared to the mass shifts one 
obtains in a 5-dimensional theory. First, in 6 D the fermions give a negative contribution to 
the masses of the gauge bosons, whereas in 5D the fermion contribution vanishes as a result of 
a cancellation between the left- and right-handed components of the 5D Dirac fermion Q. In 
the 6 -dimensional case, one can trace the surviving contribution to the existence of additional 
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states. For example, the mass shift of the (2,0) states, which play a role akin to the second 
level states in 5D, receives no contribution from (1,0) states due to a cancellation similar to the 
5D case, but it receives a contribution from the (1,1) states, which have no analog in 5D. A 
second difference is related to the Yukawa contributions to the fermion masses, due to couplings 
to scalars with a zero-mode: in 5D such a contribution is negative, but in 6D it is found to be 
positive. The positive sign is special to six dimensions, and originates in the existence of two 
6D chiralities. The Yukawa coupling necessarily involves two fermions of opposite 6D chiralities, 
and this translates into a relative physical phase that accounts for the previous result. Finally, 
one can also see that the spinless adjoints receive a negative contribution from their gauge 
interactions with the fermions, as do the gauge bosons. However, the coefficient in the spinless 
adjoint formula is larger than for the gauge bosons. As a result, the spinless adjoints are lighter 
than their spin-1 counterparts. This may have interesting consequences for dark matter, since 
the lightest KK particle, in the 6D standard model context, is the hypercharge spinless adjoint. 
It can also affect the collider phenomenology in an interesting way [14|. 

The general formulae Eqs. ( |1.9| ) ( 1.16| ) can be easily applied to various models of interest. 
As explained before, when applied to strongly interacting particles they should be taken only as 
indicative of the order of magnitude of the effect. However, when applied to weakly interacting 
particles, such as the electroweak gauge bosons or leptons, they should reliably give the leading 
contribution to the corresponding mass shifts. 

This paper is organized as follows: in Section || we develop the technical ingredients that are 
necessary to perform the one-loop computation. This requires finding propagators that encode 
correctly the boundary conditions implied by Eqs. (1.1) and O- We do so in the context 
of a scalar field theory. We then give the propagators for fermion fields (Section ||) and gauge 
fields (Section [I]). The latter include both the spin-1 and spin-0 components (under the 4D 
Lorentz group), as well as the ghost fields. Section [| contains our main results. We compute 
the one-loop corrections to the gauge boson two-point function in Subsection 5.1, to the fermion 
two-point function in Subsection |5.2|, to the scalar two-point function in Subsection pll, and to 


the two-point functions of the “spinless adjoints” in Subsection 5.4. We summarize and conclude 
in Section ||. We also include two appendices. In Appendix |A| we give details on how to relate 
the KK-number and momentum space representations of the propagators. In Appendix ^ we 
give details of the derivation of the 6D propagators associated with fermion and 6D gauge fields, 
propagating on the chiral square background. 


2. The Scalar Case: Generalities 

Our first goal is to develop the tools necessary to perform loop calculations in an efficient manner. 
One approach would be to decompose the bulk fields into a set of Kaluza-Klein modes satisfying 
the appropriate boundary conditions, and derive the effective four-dimensional theory to read 
the relevant vertices (given by integrals over KK wavefunctions). These can then be used to 
calculate any quantity of interest. An alternative approach is to work in momentum space in the 
extra dimensions, and include the correlations arising from the boundary conditions in the form 
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of the propagators. This latter approach has the advantage that the effects of the boundary 
conditions appear only in the propagators, and are therefore universal. The vertices conserve 
momentum in the standard sense and can be read as in the T 2 compactification. We adopt the 
second approach since it is simpler to generalize to various types of interactions. The first step 
is then to understand how to encode the boundary conditions in the form of the propagators. 

We start by deriving some useful general relations in the context of a scalar field theory. 
We first write down the general expression for the scalar propagator in “Kaluza-Klein space”, 
where the boundary conditions are manifest. We can then use this representation as a starting 
point for deriving the momentum space expression of the propagator, that correctly includes the 
effects of the boundary conditions. We also discuss the generalizations needed in the presence 
of Kaluza-Klein mixing. This will allow us to understand the structure of the propagator when 
radiative effects are included. 


2.1 Propagators and Boundary Conditions 

We start from the KK expansion of a 6-dinrensional scalar field 


®n(x : 


»-z) = 


( 2 . 1 ) 


j,k 


where we use the shorthand notation z = (x 4 , x 5 ). These coordinates range over the fundamental 
< L. The KK wavefunctions, fn’ k \z), satisfy the boundary conditions 


square 0 < x 4 ,x 5 


appropriate for the “chiral square”, as derived in Ref. JR]]. They may be written as 




h( j ’ k \z) + e i6 h^- j \z) + e 2i9 h(- j ’~ k \z) + e 3ie h(~ k ’ j \z) 1 , (2.2) 


2(1 + S jt oSk,o) 

in terms of the momentum space wavefunctions 

hfj' k \z) = e i ^ x ‘ i+kx5 ' ) / R 


(2.3) 


where R = L/tt, and 6 = mr/2 with n = 0,1,2,3. The integer n labels the possible consistent 


boundary conditions that result after imposing the folding identifications described in [1C], No¬ 
tice that the KK towers contain a zero-mode only for n = 0. The ’ superscript in the summation 


in Eq. (2J) indicates that the KK sums run over the restricted range j > 0, k > 0 and j = k = 0. 

Given the KK wavefunctions and spectrum, we can immediately write down the expression 
for the propagator. It is convenient to work in configuration space in x 4 , x 5 , since this will 
allow us to easily project onto KK-number or momentum space as needed. However, we do 
work in momentum space for the four non-compact dimensions from the beginning, i.e. we use 
a mixed position and momentum space representation. The general representation of the scalar 
propagator in the compactified theory is 


G n (p\ z\ z') = J d 4 xe* px (<h n (x; 2 )^( 0 ; z')) 

= [/k‘V) 


(2.4) 
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where g^ k is the 4-dimensional scalar propagator (in the KK-number representation) 


j.k 

9 s = 


V 2 - M l k 

and in the present case the spectrum is given by 

-1*2 I ju2 
M j k = J p0 

J ' L R 2 


(2.5) 


( 2 . 6 ) 


In fact, this propagator satisfies 


(. V 2 + + dl)G n {p\ z; z') = i h (2) (z - z') , 


(2.7) 


since 


{dl + dl + M l k )f^ k \z) = 0 , ( 2 . 8 ) 

and the fn’ k \z ) form a complete set for functions satisfying the appropriate boundary condi¬ 
tions:' 5 * * * * 

1 .—, / ,. , n r ,. , n . i * 

(2.9) 


— E'/P’W [tf'ViT = - 2') • 


L 2 


j,k 


It is also worth keeping in mind the orthonormality relations 

±t£dPzfj?’ k \z) [f^’ k '\z)\ = 6^,6^ , 
which ensure the canonical normalization of the KK fields, (x 11 ). 


( 2 . 10 ) 


2.2 Propagators in Momentum Space 

Now suppose we want to work in momentum space, as opposed to KK-number space, in the 
compactified dimensions: (p 4 ,p 5 ) = ( m/R,l/R ), where m and l are arbitrary integers, i.e. we 
define 


ci 


p,n 



d 2 z ^z'e^+P^e-^'^+P'^Gnip; z; z') 


( 2 . 11 ) 


Note that we are letting the integration run over the extended range — L < x 4 ,x 5 < L; it 
is understood that G n (p', z; z') has been analytically continued outside the fundamental region 
0 < x 4 ,x 5 < L. The factor of (1/2L) 2 was introduced so that G^ l,m ,l ^ has mass dimension 
—2, as in four dimensions. 


5 If one wants to interpret Eq. (2.9) outside the fundamental region 0 < x 4 ,x 5 < L, the 5-function on its 

r.li.s. should be extended in a manner consistent with the relevant boundary conditions, e.g. 8 ^ (lZ{z) — z') = 

e ~imr/ 2 fi( 2 ) g( 2 ) ( z _ = e m ^/ 2 §( 2 ) ( 2 _ 2 ') anc j fi( 2 ) (JZ(z) — IZ(z')) = S^ 2 \z — z'), where 1Z stands for 

a counterclockwise rotation by n/2 in the z-plane. It should also be extended periodically, with period 2 L along 


both x 4 and x 5 , outside —L < x 4 ,x 5 < L. 


- 13 - 










By using the representation of the propagator given in Eq. (2.4) we automatically obtain 
from Eq. (2.11) the momentum space representation satisfying the appropriate boundary con¬ 
ditions. In switching from KK-number to momentum space one encounters the integrals 
r L 


1 


4 L 2 


/> 


h^ l \ Z ) rt' k \ Z ) = 


1 


2 [1 + Sjfi5k : o\ 


5(m,l;j,k;n) , 


( 2 . 12 ) 


where we used the explicit form of the KK wavefunctions given in Eq. (2.2), as well as the 
orthonornrality relations 

rL d 2 zh^ l \z) \h( m '’ l '\z)Y = 5 m)m >8 ltl ' , (2.13) 


1 

4L2 


l-L 


that hold for the standard plane waves given in Eq. (2.3). We also defined a “generalized” 
Kronecker delta 

8(jn,l,Tn,1 , n) 8 m m '6i i’ -\-c 6 m ii5i — m i Te z' 4~ e 6 m — i'6i m i , (2.14) 

where 9 = mr/2. Note that when the quantum numbers m, are all taken positive, 

Eq. (2.14) coincides with the standard two-dimensional Kronecker delta. The additional terms 
take into account the boundary conditions and depend on the integer n. However, note also that 
for the case of the zero-mode (which only arises for n = 0) one has 6(m , l; 0,0; n = 0) = 45 mj o^,0) 
with an extra factor of 4. 

2.2.1 Diagonal Propagators 

For a propagator with the general representation in KK-number space, 


G n (p ; z f ) = -Lx; 9j , k fY k \z) /£■ V) 


L 2 


(2.15) 


j,k 


we can also write 


G n (p ; ^') = ^EE G^ m '^h^’ l \z) [hW’ V Xz')\ ~ , (2.16) 

m,l m!,V 

with ,l ^ as defined in Eq. ( 2.11 ). Notice that the sums in Eq. ( 2.16 ) run over all integers. 

We will reserve the labels m and l to denote the momentum along the compact dimensions in 
units of 1 /R, hence running unrestricted over integer values, while leaving the labels j and k to 
denote the KK numbers, which can take integer values on the restricted range j > 0, k > 0 and 
j = k = 0. For a scalar field one finds the simple result, derived in Appendix [A], 

i 


P 2 - M m.l 


(2.17) 


Therefore, the information about the boundary conditions is contained in the “generalized” 6- 
functions defined in Eq. (2.14). Note that for the zero mode, G^/Yq 0 ' 1 = 4(^/p 2 )^m,o^/,0) one 
finds an additional factor of 4 in the momentum representation, compared to the zero-mode 
propagator = i/p 2 in the KK-number representation. 
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2.2.2 Kaluza-Klein Mixing 

It is also useful to derive the relation between the KK-number and momentum space representa¬ 
tions of the propagator when transitions among different KK states are allowed. This situation 
arises when interactions are included and the unperturbed KK states defined in Eqs. ( 0 ) and 
are not exact mass eigenstates. These KK-number violating transitions are of great phe¬ 
nomenological interest and we will consider how they arise in greater detail in later sections. 

Here we simply note that quite generally we can represent the full propagator either in the 
KK-number basis or the momentum basis, along the lines discussed previously: 


( 2 , 


G(p; z- z') 


pJ2 9(j,k)-,{j',k') 

j,k j',k' 





4X2 G^ m '^h^ l \z) \h( m '’ l '\z') 


m,l m\V 


(2.18) 


the only new ingredient being the possibility of non-diagonal KK transitions. In Appendix |A| 
we derive the general relation between the expansion coefficients G^n'"' l ’ rn ,l - 1 and gu,k);(j' The 
specific form of the momentum space coefficients Q^ n ’ l ’ m ,l ) encodes the appropriate boundary 
conditions. 

A special case of interest arises when the momentum quantum numbers m and l take on 
positive values: 

= G ( r l' k]3 '’ k ' ] for j. j' > 0 and k, k' > 0 . (2.19) 

Also, when a zero mode is involved we get: 


9Um o,o) = ^G^’ k ’°’ 0) for j > 0, k > 0 , 

5(o,o) ; (j',fc') = ^G^’ 0 ' 3 '' k>) for / > 0, k' > 0 , 

„ _ /o(0,0;0,0) 

5(0,0);(0,0) — 


( 2 . 20 ) 


Note that the factor of 4 relating <?(o,o);(o,o) anc ^ Gn’ 0,0 ’°' > is similar to the one found in the 
diagonal case studied in subsection 2.2.1 . 

Relations ( 2.19|) and (2.2C) are useful to obtain the KK-number expansion coefficients, which 
contain all physical information, from the momentum space expansion coefficients, which are 
more easily calculated in certain situations. 


2.3 KK-Number violating Structure due to Localized Operators 

As mentioned in the Introduction, the chiral square compactification has conical singularities 
at the corners of the fundamental square region, with coordinates (x 4 ,x 5 ) = (0,0), (L,L) and 
(0,L). In this section we consider the effect of operators localized at these special points. In 
fact, the calculation of loops involving bulk interactions reveals logarithmic divergences that 
require counterterms localized precisely at these points. In later sections we shall show by 
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explicit computation that the divergences at one-loop order have precisely this property. It will 
be useful to define the shorthand notation 


5 c (z) = 5(x 4 )5(ar) + 5(L — x 4 )5(L — x b ) + c5(x 4 )5(L — ar) , 


( 2 . 21 ) 


where c is a dimensionless coupling that parametrizes the strength of the operators at ( 0 , L ) 
relative to those at (0,0) and (L,L). We assume that operators localized at (0,0) and (. L,L ) 
appear with identical coefficients, as required by KK-parity. 

Let us consider the most general set of localized kinetic terms for a complex scalar field <h 


J S Cl (z) x n + 


j S C2 (z ) x r -2 &(d + d-&) + h.c. 


- \ S C3 (z) x r 3 (<9 + 4> T )(<9_<I>) - ^ S^z) x 


( 2 . 22 ) 


where 

d ± = d A ± id 5 . (2.23) 

The constants rj, c* for i = 1,2,3 and r 3 , c 3 are arbitrary. For convenience, we extracted a factor 
of (1/2 ) 2 to account for an enhancement due to the KK wavefunctions in Eq. (^(^), evaluated 
at the singular points. Note that the Cj are dimensionless, but the rj have dimensions of length 
squared. Notice also that the coefficients of the 4D-like kinetic term need not be the same as 
for the kinetic operators with derivatives in the compact directions, d±. However, we assumed a 
rotational symmetry in the transverse x 4 -x 5 plane that forces the 84 and 85 derivatives to appear 
on an equal footing. This is natural given the rotational symmetry of the conical singularities, 
and will be explicitly checked by the one-loop computation in the following sections. 

Using the scalar propagator representation given in Eq. (^7|), the contribution of the first 
term in Eq. (|2.22) to the two-point function is 


•—»—<g)—>—• 

z z' 


/ 0 


1 

7 ? 


d 2 yG(p■ z',y) 
2 


1 


<5ci (y) inp 2 


G(p;y,z) 


E E 9 j s k tt’ k) (z') [irip 2 K^'^\ & k ' [/£'■*'>( Z )j , (2.24) 

j,k j',k' 

where the cross represents an insertion of the localized 4D-like kinetic term in Eq. ( |2.22| ), and 

1 


Kjj’W#) = 4 {[/£■*> (0,0)] */^’ fc,) (0,0)+ [$’ k \L,L)]* fW’ k '\L,L) 


+ c 


A j ’ k) (0 ,L) / n ^(0,L 




(2.25) 


with the KK wavefunctions fn’^ defined in Eq. ( |2.2| ). Insertions of the kinetic terms involving 
derivatives in the extra dimensions can be treated along the same lines with the help of the 
relations 

d±fti’ k) (z) = ir jt ± k M jtk f%»(z) , (2.26) 
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where the rj^ are complex phases defined by 


Tj ,k = 


j + ik 

y/j 2 + k 2 


(2.27) 


We see that Eq. ( |2.24 ) has the general KK-number mixing structure of Eq. (2.18). In order 
to interpret the result of the one-loop computations we present in the following sections, it is 
useful to consider the momentum space representation of the previous process. Using Eq. fl2.19|) 
we write the contribution to the two-point function in momentum space, (p 4 ,p 5 ) = ( m/R , l/R), 
when m, l > 0, for the four types of boundary conditions n = 0,1, 2 or 3. 

Consider first scalar fields satisfying n = 0 boundary conditions, i.e. having a zero-mode in 
its KK spectrum. Assuming for simplicity that r 2 , C 2 are real, we get 


m', V 

, 1 ') _ ^ ^ 


m, l 

-® > • 


c £2” ^ C 1 

) - r 2 

1 L 2 


(2.28) 


where, for these boundary conditions, Eqs. (O) and 


give 


,V) _ 


1 + + c [(_l)m + (-iy][(-l) m ' + (—1) Z '] 


(2.29) 


4(1 + 6 m , 0 8 lfi ) (l + Sm'fldi'fi) 

It is also easy to see that the operators proportional to r% and r' 3 in Eq. (2.22|) vanish in this 


case. 


Note that, as a result of the operators at (0,0) and (L, L ) being equal, the induced KK 
transitions are non-vanishing only when m + l and m 1 + V are both even or both odd, thus 
preserving precisely the KK parity defined by (— l) m+l . Furthermore, it is useful to notice that 
Eq. ( 2.2S| ) gives rise to precisely three different non-vanishing cases, which we find convenient 
to order as follows 


Case la: (—\) m+l = (— m — m! even, 
Case lb: (—l) m+/ = (—l) m, +i' = -|_i ; m _ m > odd, 
Case 2: (-l) m + = (-1) 


(2.30) 


rri+V — 


= - 1 . 


That is, localized operators distinguish between KK-number transitions among KK-parity even 
states and KK-parity odd states. Notice that the distinction arises from operators localized at 
(0,L). Furthermore, for KK-parity even transitions, there is a difference depending on whether 
m — m' is even or odd. 

For n = 2 boundary conditions, the momentum space two-point function with insertions of 


the localized operators in Eq. ( 2.22 ) has the structure of Eq. ( 2.28 ) with 

K (mMm',n = c[(-ir - - (-1) 1 '] 

4 (1 + <W^o) (l + <5m',0<V,o) 


(2.31) 
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In this situation, we obtain three cases that we label as follows 


Case 1: (-l) m+i = (-1 = +1, 

Case 2a: (—\) m+l = (—= — 1, m — m' even, (2.32) 

Case 2b: (—1 ) m+ * = (—= — 1, m — m' odd. 


Note that for n = 2, it is the transitions between KK-parity odd states that contain two sub¬ 
cases, 2a and 2b, while for n = 0, the subcases appeared when KK-parity even transitions are 
considered, la and lb. 

Finally, for re = 1 or n = 3 boundary conditions, the localized 4D-like kinetic term does 
not contribute to the two-point function as a result of the vanishing of the KK wavefunctions at 
the three conical singularities. Only the operators proportional to r% and r 3 in Eq. ( 2.22| ) give 
a nonvanishing contribution: 


s-y(rn,l]m',1') _ / „■ ... * nr i\f 1 ,1') 

' Jr n= 1,3 — 9s y 1 L 2 

r 3 „* 


• ^3 * 71 /T 71 /T (lYl f I TYi r ,V 

— ^-^2 ,VJ,'K^ ^ (jg 


(2.33) 


To obtain this, we used Eq. ( 2.26 ) as well as the fact that fi’ k \z) = —f 3 ,k \z), from Eq. (2.2) 


When n = 3, Kc™’ l ^ m ,l ^ is as given in Eq. ( [2.29 ) and K^ n,l ^ m ,l ^ as in Eq. ( 2.31 ), while for 
re = 1, it is the other way around. Notice that for re. = 1 or 3 one generically gets four different 
non-vanishing results, corresponding to cases la, lb, 2a and 2b in Eqs. (2.30) and (2.32|). 


By checking that loop contributions to the two point function have the structure of Eqs. (2.28) 
and ( 2.33| ) we shall be able to confirm in later sections that they correspond to localized operators 
as in Eq. ( [2.22 ). 


3. Chiral Fermions 

Having discussed various general properties in the scalar case, and before we can tackle the 
calculation of one-loop radiative corrections in this class of theories, we need to consider the 
form of the propagator in momentum space for fields transforming non-trivially under the 6D 
Lorentz group. In this section, we treat the case of 6D chiral fermions, \k-i-, where + or — label 
the 6D chirality, according to the projection operators P± = |(1 ± T), with T the 6D chirality 
operator. In the following section we consider the propagators associated with 6D gauge fields, 
which contain both spin-1 and spin-0 components under the unbroken 4D Lorentz group. 

As shown in ©, fermions propagating in six dimensions with the two extra dimensions 
compactified on the chiral square have a chiral zero-mode. Starting from the free fermion action 
(r A/ are 8x8 Dirac T-matrices, and M = 0,1,... , 5 runs over the 6D Lorentz indices) 

Sq, = J d 4 x J dx 4 J dx b% - [yr M d M P±V- (d M V) T M P±V] , (3.1) 
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and imposing the identification of adjacent sides of the square region 0 < x 4 ,x 5 < L , one can 
show that the two 4-dimensional chiralities, ^±l and ’h = | = /j, contained in \ k _|- = P±\ h , satisfy 
boundary conditions determined by integers and such that 

n R = n L "F 1 mod 4 . (3.2) 


This shows that only a chiral zero-mode is allowed. The propagator associated with this system 
is obtained by inverting the operator appearing in Eq. ([O]), taking care of imposing the appro¬ 
priate boundary conditions. We leave the details to Appendix [B]. The resulting propagator in 
the momentum space representation takes the form 


/nrdt,,Z') 

KSTp 


P±r PMg s 


PR5(m, l ; m !, l'\ n^) + Pl S(m, m !, l'-, n^) 


(3.3) 


where pm = {p^,PA-,Pb) with p 4 = —m/R and p$ = —l/R [the minus signs arising from the 
Minkowski metric], and n^, are related by Eq. (p.2|). g ™’ 1 is the scalar propagator given 
in Eq. ( p.5| ). When using Eq. ([34^), one should be careful to remember that the 4D chirality 
projectors, Pl,r, distinguish between the and T 4,5 terms in T m pm■ In particular, Pl,r 
commute with T 4 and T 5 . 


4. Gauge fields 


We turn now our attention to the propagators associated with the 6 D gauge system. We start 
from the action 


S = 


d A x 


dx 4 


1 


dx° I - -FmnF AIN + C-gf 


(4.1) 


where the indices M, N run over the six spacetime coordinates. After compactification, the 
components of the 6 D gauge field naturally separate into A^ {p = 0,1,2,3) and A 4 , A 5 . While 
the former are part of a spin -1 field, the latter constitute two scalar degrees of freedom from a 
four-dimensional point of view. 

A convenient choice of gauge arises by requiring that the mixings of A^ with A 4 and A 5 
vanish: 


C-GF = - 


1 

2 ? 


d^A 11 — £ (04^4 + CI5A5) 


(4.2) 


where £ is a gauge fixing parameter. This gauge clarifies how the physical degrees of freedom 
are encoded in the 6 D field, Am- at each massive KK level, one linear combination of the two 
scalars, A 4 and A 5 is eaten by the massive A^ fields, while the orthogonal combination remains 
as an additional scalar degree of freedom. This system was studied in detail in |ll]], where the 
appropriate boundary conditions and resulting interactions were worked out. We assume that 
A f , satisfies boundary conditions corresponding to n = 0, so that the spin-1 KK towers have a 
zero-mode. In other words, we do not consider the case where the gauge symmetry is broken by 
the boundary conditions. One also finds that the linear combinations 


A± = A 4 ± iA 5 


(4.3) 
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satisfy boundary conditions give by n = 3 for A + and n = 1 for A_. In particular, there are no 
zero-modes in the scalar sector. We refer to these scalars as “spinless adjoints”. 

In the following subsections we derive the propagators for the spin-1 and spin-0 components, 
as well as the ghost fields associated with the gauge fixing term Eq. 


4.1 The Spin-1 Components 

Apart from the boundary conditions, which are treated as for the scalar case in section [ 2 ], the 
derivation of the spin-1 propagator in momentum space is identical to the 4D derivation. We 
obtain 

G^ m '’ l ') = g^6(r n ,l-,rn > ,l l ] 0) . (4.4) 


where 


„ m ’ 1 = 


VU.V - (i -0 


V^Vv 


p 2 -tK,i. 


m.l 

9s 


(4.5) 


and g'g’ 1 is given in Eq. (h5). We recognize the 4-dimensional propagators appropriate to the 
gauge fixing term (|4.2D as those for a (massive) gauge field in an R £ gauge. 


4.2 The Spin-0 Components 

As shown in Appendix the momentum space propagator, defined as the inverse of the 
quadratic operator associated with the A 4 -A 5 system in the free Lagrangian, can be more 


easily derived in the A± basis, defined by Eq. (4.3), where the boundary conditions are well 
defined. The result is a 2 x 2 matrix with components 

x-y(ra,Z;ra / ,Z / ) / ^- Y (m,Z;m / ,Z / ) 

( - T p,++ <->,+- 

^(m,Z;m',Z') 

^ p ,—b ^p, 


m.l , m.l \ c/ 7 / if o\ 2 1 m.l m.l \ r/ 7 / 7/ 1 \ 

9 h + 94 , ) k m , / ; 3) -r ml ( g h ~ 9^ ) o(m, 1) 


—r 


*2 


J \9 h 


m,l m,l 


6 {m, /; m!, l'\ 3) lg™’ 1 +gj’ 1 ) 5{m,l\m! 1) 


where 


m.l 

9 h = 


m,l _ 


(4.6) 


(4.7) 


p 2 - p 2 - ml ,, ’ 

and the complex phases r m j were dehned in Eq. ( [2. 27 ). The pole structure shown in Eq. (4.7) 
reveals that the A 4 -A 5 system has two degrees of freedom at each KK level, one with mass M m i 
and the second with mass The scalar mode with the ^-dependent mass corresponds to 

the longitudinal degree of freedom of the massive spin -1 gauge fields, as required by the higher 
dimensional Higgs mechanism. 

Taking into account the fact that Al_ = A + , one can show that the relation between the 
various components G++, _, G _(_ and G _in Eq. ([O]), and the tree-level two-point functions 
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that enter the Feynman rules is given by 


(A™’ A™ ’ ') = - 

= i 


-o(ra,/;m / ,Z / ) , m 7 ,— l';—m,—l) 

(jr p,++ ' - 

C T p,+- + ^p,+- 


_ .o(m,Z;ra / ,Z / ) 

— Cjr p,++ 


= c. 


, 1 ') 


P,+~ 


(4.8) 


together with their complex conjugates, were we chose to express all correlators in terms of A + 
and Al + . The second equalities follow from the explicit solution for Q{ rn ^ m ' 40 given in Eq. (4.6). 


4.3 Faddeev-Popov Ghosts 


The ghost Lagrangian associated with the gauge fixing term, Eq. (4.2), is 

-c“ [dfjD 1 ' - £ (d 4 D 4 + d 5 D 5 )\ c a , 


(4.9) 


where the ghost helds, c a , satisfy the same boundary conditions as An, i.e. given by n = 0. By 


comparing to the derivation of the scalar propagator, Eq. ( 2.17 ), it is easy to see that the ghost 
propagator in momentum space is given by 


G^ Lm J 1 = 3 — 7V7T~ , 


p 2 -tK, 

i.e., it has a ^-dependent mass given by 


(4.10) 


5. Radiative Corrections 

Having at our disposal the propagators for 6D scalars, Weyl fermions and gauge fields that 
correctly encode the boundary conditions appropriate in the chiral square background, we are 
in a position to consider the one-loop structure of the theory. In this section we compute the 
quantum corrections to the two-point functions (sometimes we will refer to these as self-energies, 
even though they also include mixing among KK states) for gauge, fermion and scalar fields 
and show that, besides a renormalization of the bulk kinetic terms, the two point correlation 
functions contain logarithmic divergences corresponding to counterterms localized at the conical 
singularities with coordinates (x 4 ,x 5 ) = (0,0), ( L,L ) and (0, L). 

5.1 Gauge Boson Two-Point Function 

We first compute the one loop contributions to the gauge boson two-point function. We con¬ 
sider in turn scalar matter, fermionic matter and the gauge self-interactions themselves. We 
present the scalar case in considerable detail to show how the KK-number violating structure 
corresponding to localized operators arises. The lessons thus learned carry straightforwardly to 
the remaining types of one-loop graphs. 


- 21 - 










k 


k +p 


m[ , l[ . 
At 


p, m', l ’ 


/ 

\ 

\ 

l 2 > ^2 


\ 

/ p, "l, l 
m 2 ,h 



p,m',V p,m,l 
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Figure 1: One-loop contributions to the gauge boson self energy due to a minimally coupled scalar. 
The external four-dimensional momentum is denoted by p. The momenta along the extra dimensions 
are simply denoted by the corresponding integer quantum number according to p± = m/R , ps = l/R, 
etc. Since the momentum in the compact dimensions is not conserved, each line is labeled by two sets of 
momenta. 


5.1.1 Scalar Matter 

We start by evaluating the one-loop diagrams arising from scalars minimally coupled to gauge 
bosons. We consider 6D scalar fields satisfying any of the possible boundary conditions, labeled 
by n = 0,1,2 or 3. We evaluate these diagrams in detail to show how the operators localized 
at the three conical singularities, with coordinates (x 4 ,x 5 ) = (0,0), (0 , L) and (L,L), arise. We 
need only consider the divergent pieces. For fixed KK numbers of the external lines, ( j , k) and 
( j',k '), these split into two different categories: 

• Terms with a KK-number structure identical to the tree-level propagator, Eq. ([h^), i.e. 
proportional to S(j,k',j',k'',0). After KK summation, the result grows as a power of the 
number of KK modes. This power-law divergence renormalizes 6D bulk operators, and is 
of no interest to us here. 


• Terms with a KK-number structure different from the tree-level propagator (i.e. KK- 
number violating). At one loop, only a finite number of KK states contribute, and the 
divergences are only logarithmic, as in a 4D computation. We would like to see that the 
KK-number violating structure that arises here corresponds precisely to the one induced 
by operators localized at (0,0), (0, L) and ( L,L ). 


In order to see the above features it is useful to concentrate on the two-point function, as 
opposed to the amputated diagrams. Let us start with the diagram involving the interaction 
between two scalars and two gauge bosons, as in Figure |l] (6). In momentum space, we have 







(5.1) 
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where each propagator carries a factor of 1/(4L 2 ), as in Eq. ( p,18|) , and the additional factor 
of 1/4 arises from the integration over interaction points in spacetime, f 0 d?y = (1/4) f_ L d 2 y. 
Using the Feynman rules shown in Figure |], the amputated function in Figure 0 (b) is 


< j4 K0 y4 (-', , 0>( 6 ) = 2ig 2 Tr(T a T b 


'da? J2 

mi,/i ' 


d D k (mi ,h 

( 2 tt) D k ’ n 


(5.2) 


where the scalar propagator, was dehned in Eq. ( 2.17 ). It is understood that, due 


to momentum conservation, tn! x = rri\ + m! — m and l\ = l\ + V — l. Notice that the factor of 
1/(4L 2 ) associated with the internal propagator disappears after integrating j_ L d?y , according 
to the orthonormality condition, Eq. m- 


Consider the KK sums in the two point function (5.1). The first term in 6(mi, l\ : rn\ , n) 

[see Eq. ( 2.14 )] leads to 




m,l m' ,1' 




0) = 45(j, k]j', £/; 0) , 


(5.3) 


which has the KK-number structure of the tree-level propagator, arising from the bulk kinetic 
terms. Since _ ^,2 _ ; x ) _1 <5(mi, l\\n), the 4D momentum integral 

in Eq. (|5^) is quadratically divergent. In dimensional regularization, the divergent part is 
proportional to Af 2 ^ z ~ rn\ + l\, and it is clear that the contribution from Eq. ( [">.■ )| ) diverges 
like )T) mi h( m 1 T ^i)- This power-law divergence corresponds to a renormalization of the bulk 
gauge kinetic term. 

The contribution due to the three remaining terms in 5(mi,l\ ;m^,/(;n) lead to a KK- 
number violating structure corresponding to localized operators at the three corners of the 
chiral square, as follows. These terms fix the loop momenta mi, l\ in terms of m — m' and l — l' 
according to 


-»• = \ l( m - m ') -( l ~ l ')] ,h = \[(m- m') + (l- l')}, 

<W ,-m'^h ,-Zi -*• m l = U m ~ = W - 0> ( 5 - 4 ) 

firm ->• mi = \ [(m - m') + (l - l')] ,h = \[(m- m') -(l- l')] . 


(J) a t 






(Pi ~P2)v{T C )ab 


(J) b (J) a t 



Figure 2: Momentum space Feynman rules for scalars minimally coupled to gauge bosons in the repre¬ 
sentation T. 
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B S 


n = 0 n = 1,3 n = 2 

n = 0 n=l,3 n = 2 

(a) 

3 x ( 

3 

2 0-2 
^ 5/2 -1/2 -3/2 


' 5/2 -1/2 -3/2 

2 0-1 
^ 9/4 -1/4 -7/4 

(b) 

0 0 0 


5/2 -1/2 -3/2 

2 0-1 
^ 9/4 -1/4 -7/4 


Table 1: Scalar functions Ag and Bs for scalar matter loops, as defined via Eq. ( |5.5|) , corresponding 
to the diagrams (a) and ( b ) of Fig. [|. These are computed in dimensional regularization. We give the 
results for scalars satisfying the four types of boundary conditions, labeled by n = 0,1, 2, 3, allowed on 
the chiral square compactification of Ref. 0 - For a given n and for each diagram, there are three 
possible cases depending on KK-parity and whether m — m! is even or odd, as listed in Eq. (2.30): the 
first two cases correspond to even-even mixings with m — m' even and m — m' odd, and the third case to 
odd-odd mixings. All KK-parity violating transitions vanish. In all cases the gauge violating coefficient 
Bg vanishes when both diagrams are added. 


Clearly, for given (m, l ) and (m / , l') only a finite number of states contribute to the KK sum. Also, 
since m\ and l\ must be integers, only when (_x) m + ; + m '+i' _ _|_j can ffog resu lt be nonvanishing, 
in accordance with the KK-parity assignment (—l) m+ * for states with quantum numbers ( m,l ). 
Like for the KK-number conserving terms, the (logarithmically) divergent contribution for each 
nonvanishing term in the sum is proportional to m\ + l\ (in dimensional regularization). To 
obtain the correct KK-number violating structure, it is necessary to contract with the external 
propagators, as in Eq. ([0). In this process, all the crossed terms, such as mm' or W cancel out 
and only terms proportional to z + M 2 n , j, survive. 

A straightforward computation allows us to write the KK-number violating contribution to 
the two-point function in momentum space as 

( 4 X 2 ) G ip k) { - i S* T{ ® )6ab r (i) [■ As{ P‘ V/9 - PaPfi) - Bsriad } G^f’ fe ') , (5.5) 


where e = 4 — D and Tr (T a T b ) = T(&)5 a b, with T(<1>) = 1/2 for matter in the fundamental 
representation of SU(N). The scalar functions As, Bs for the four types of boundary conditions 
are given in Table [j], and the explicit factor of 1/(4L 2 ) in Eq. ( |5.5| ) should be identified with the 
one appearing in Eq. ( |2 .1 8| ) , while the remaining factor of 1/L 2 was absorbed in the 4D gauge 
coupling, g\= gl/L 2 . 

We see that for each type of boundary condition (n = 0,1,2 or 3) obeyed by the scalar 
running in the loop, there are three different cases, that we ordered as in Eq. ( [2.30 ). This is 
precisely the KK-number violating structure that arises from quadratic operators involving fields 
satisfying n = 0 boundary conditions (the gauge field), localized at the points ( 0 , 0 ), (. L,L) and 
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(0, L), as discussed in Section |2.3| . Notice that the above three cases are distinct precisely as a 
result of the operator localized at (0 ,L), proportional to c in Eq. ( 2.21 ). 

For the diagram involving the interactions between two scalars and a single gauge boson, 
the two-point function in momentum space is 


(A5p>A£'> fc# >)W = 


1 


4L 2 


7 E E G“«' w> , (5.6) 

m,l m' ,1' 


where now we get a factor (1/4) 2 due to the two vertices, and the amputated function of 
Figure [l] (a) is 


>)<“>„ = - 9 s i 2 Tr(r“r 4 ) ]T 

mi,Ii m'jlJ ' 


d D k 

(2ir) D 


(2k +p) a (2k +p)/3 


X ^fc+p.n U k,n > W'l 


where it is understood that, due to momentum conservation at each vertex, m -2 = m± — m, 
I 2 = h — l, m' 2 = rri\ — m' and l 2 = l[ — l 1 . Noting that Af 2 , depends on m 2 , l 2 only through 
m 2 + 1 2 , and is therefore invariant under exchange of m' 2 and l 2 and/or a change in their signs, 
we have 


n (m' 2 X 2 \m 2 ,l 2 ) 


k 2 - M 2 , ,, 

m 0 ,L 0 






5(m 2 , l 2 ; m ', l / ; n 


(5.8) 


which shows that the integrand in Eq. 0 depends on rn\. l[ only through the generalized 
(5-functions defined in Eq. ( 2.14| ). We can then do the sum over rn \, l[ using the identity [see 
Eq. ( |A.17[ ) with n\ = u -2 = n] 


5(jn 1 ,h]m' 1 ,l' 1 \n)8(jri 2 ,l' 2 ,m2, h] n) 

m i?^i 

= 8(m, l\m' , l'] 0) + e ie 5(m — mi — Zi, l — l\ + i 7 ; 0) (5-9) 

+ e 2ld 5{m — 2m\, l — 2l\\m 1 , l' ; 0) + e 3l6l (5(m — mi + ii, l — l\ — mi; m/, 0) , 


where 0 = mr/2. We see that the first term has the same structure as the tree-level propagator. 
It is also independent of the loop momenta, mi, / 1 , so that the corresponding KK sum leads 
to a power-law divergence. The remaining terms give KK violating transitions that, as we will 
see, correspond to localized operators. In order to compare to diagram (6) as computed before, 
we should contract with the external propagators and perform the KK sums. The KK number 
preserving term just gives 


m,l m' 

The contraction of the external propagators with the last three, KK-number violating terms 
in Eq. (|5.9D, do not alter the KK violating structure, and simply give an overall factor of 16. 
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Thus, unlike for diagrams with the topology of diagram ( b ), for diagrams with the topology of 
diagram (a) it is sufficient to compute the amputated diagram, while keeping in mind that the 
contraction with external propagators produces a factor of 16 that cancels against some of the 
factors in the two-point function. The net effect is that for these diagrams one should include a 
factor of 1/(4 L 2 ) where the length scale L is absorbed by the 4D gauge coupling via g\ = g§/L 2 . 
A straightforward computation allows us to express the KK violating contributions to diagram 
(a) as in Eq. (|5.5|), with scalar coefficients Ag and Bg as given in Table [Tj. 

We see that after adding the two diagrams (a) and ( b ), the “gauge violating” contribution 
proportional to g a p cancels out. Therefore, at one-loop order, the scalar gauge interactions give 
a contribution to the two point function which is equivalent to the effect of the localized operator 

ls cs (z) x , (5.10) 


where 5 c (z) stands for the Dirac delta-functions at the conical singularities, as defined in 
Eq. (2.21|), and the factor of 1/4 accounts for universal KK wavefunction enhancements. Here 


we wrote the dimensionful coefficient in Eq. ( 2.21 ) as rs = rgT , so that the scalar contribution 
is 


r s = -X -?±-T($) r(-) x 
3 16vr 2 v ' \2' 


5/8 2/5 for n = 0 

— 1/8 , eg = < 2 for n = 1,3 

k -3/8 -2/3 for n = 2 


(5.11) 


This shows explicitly that the logarithmic divergences that appear in the chiral square compact- 
ification renormalize operators precisely at the three conical singularities. 


5.1.2 Fermionic Matter 

We now turn to fermionic matter. We restrict ourselves to 6D fermions containing a zero-mode 
(i.e. we do not consider n = 2 boundary conditions). 

We use the same labeling conventions as in Figure [I], as we will do throughout this paper. 
As discussed in detail in the previous section, we may concentrate on the amputated fermion 
loop diagram, including a factor of 1/4: 




I 


P_ 


=F 


} ,(5-12) 


where the fermion propagator was given in Eq. (|3.3| ). Also, as explained in detail in the scalar 
loop calculation described before, we separate the result into a KK-number preserving contribu¬ 
tion that renormalizes bulk operators and a KK-number violating contribution that renormalize 
localized operators. 

The trace in Eq. ( 5.12 ) can be separated into parts involving the non-compact dimensions 


(k +p) x k p Tx {r^TATQrpPL^P^} = 2[(k+p) a kp + (k+ p)pk a -k ■ (k + p)r) a i 3 \ , (5.13) 
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and parts involving the compact dimensions (denoted by indices i, j ) 

(k+p)ikj TV {I>rr a r j P L P T } = r mih T^ v M mih M^ A TV {T p T 4 T a T^P L P T } 

= ^Va^ r m 1 ,h r m ' 2 ^^ rni ,hM m i 2 i' 2 , 

(k + p)ikj TV {r^rT.FF^} = {r^r^p^} 


(5.14) 

(5.15) 


where we used the useful identities [10] 

T 5 P l P ± = ±iT 4 P L P ± , 
r 5 PrP± = piT 4 p R p± , 


(5.16) 


to replace T 5 in favor of F 4 . We also used kp + p 4 = —mi/R, +ps = — h/R , = —m' 2 /R and 
k§ = — l' 2 /R■ The momentum dependent phases, r^, were dehned in Eq. ( 2.27 ). Notice that 
the 6D chirality operator T contained in P± gives a nonvanishing contribution to Eqs. ( |5.14 ) 
and (|5.15| ). 

We express the result associated with the KK-number violating terms as 

^ 2 ) {-iA^T{*)5 ab r(|) [A F (p 2 r, aP - PaP e) - B FVaP \ } , (5.17) 

and find that for all KK-parity preserving transitions Ap = 4/3 and Bp = 0. As for the 
scalar loops, the “gauge violating” term proportional to r) a p vanishes. The equivalent localized 
operator is in this case 


JMi) x (--pr^F^F^ , 


(5.18) 


where 5 c (z) was defined in Eq. ( 2.21 ), the factor of 1/4 accounts for universal KK wavefunction 
enhancements, and 

e' 

.2, 


94 


rF= 3 X 16** 


T(^)r 


cp = 0 . 


(5.19) 


Note that the fermion loop does not induce an operator localized at (0,L), i.e. the three cases 
defined in ( 2.3C| ) give the same result. 

5.1.3 Gauge Self-Interact ions 

We consider now the one-loop corrections arising from the self-interactions in a non-abelian gauge 
theory. The diagrams are shown in Figure |j. In terms of the momentum space propagators for 
the gauge bosons, the scalar adjoints and the ghost fields, given in Eqs. (4.4), (4.6) and (4.10), 
they are: 

l\ 94 „nrll nhiJJ f dPk 


(c) = 


U 7 / ^ 


TTl\ ,Z 1 171^,1^ ' 


(2tt 


1 D 


[vasip - k )A + r]5\(2k + p) a - P\ a {k + 2 p)s] 
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v_,> 


A b 

A(3 
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Figure 3: Gauge self-energy diagrams at one-loop in the 6 D theory: (c), (d) gauge loops; (e) ghost loop; 
and (f)-(l) loops associated with the A 4 and A 5 components of the 6 D gauge field. For the latter, the 
arrows represent the propagation of A + = A 4 + iA§. 


x mUa) + 2p ^' ~ W'A'( 2 A: +p )/3 + w(k-p) v] , (5.20) 

(d) = -i g -±f adl f hdl J2 J [ZllafSVSS' - VaSV/36' ~ 9aS'Vps\ G^)^^ , (5.21) 


-,SS',k 


mi,li 


(e) = - 


^ ^ „2 fcildfbdl \ ' \ [ d k j 7 ^ 1 tl'i) /, /~<(. rn 2 ^ 2 'j Tn 2 ^ 2 ) 

4 ) 9 4J J 2_,Z^ (2n) D ^ + p ) aLr Z,k+ P 

7 K ’ 


(/) + (9) = 


i\ n 


d D k r 


2 raid rbdl \ A A 

< 2 *> D 


- r m f i' M m i v 


r * M * M 1 n (m' 2 ,l' 2 -,m2,h) ,1 

X [/ftt,Z-^7ra,Z r m2,/2^^ m 2^2j ^a(3,k ' 


W + (0 = 


i\ /1 


5 4 2 / aW / M E E 




, rf ,J ( 2 it) d L 

mi,/i 777 . 4,64 




* —,fc+p 17 m,Z-**^m,Z ^7712,Z2 ^J-rri 2 ,fa\ a/ 3 ,k ' ? 


(5.22) 


(5.23) 

(5.24) 


28 - 



U) = 


94 


j^ald jbdl ''y ^ 
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94_ raid rbdl 

4/ 4 1 1 


E E. 

mi ,Zi 


d D k (m 1 ,l 1 -,m' 1 ,l[) 


(2 7T 


d D £: 

(27t) d 


(2& +p) a (2fc +p)/3 


X (j +-,fc+p tT -+,fc 


(2fe + p)a (2 k + p)p 


X (jr ++,fc+p Lr ++,k 


(0 = is2r“/ M >w E J (Spy 


G 


++,fc 


(5.25) 


(5.26) 


(5.27) 


(5.28) 


mi,/i ' 


where we included a factor 1/4 for the diagrams involving trilinear interactions, as explained 


in subsection 5.1.1. It is similarly understood that the diagrams involving a quartic interaction 
should be contracted with the external propagators in order to obtain the correct KK-number 


structure in the two-point function [see discussion after Eq. (5.4)]. The color factors are 


f adl f bdl = C2{A)6ab ; 


(5.29) 


where C^-A) = N for a SU(N ) group. A lengthy but straightforward calculation allows us to 
write the leading logarithmic divergences of diagrams (c)-(Z) as 


-iJ^ c 2 (A)5 ab T(^) [l G (/r-/pW] , 

where the scalar functions Aq and Bq are presented in Table ||. 

Note that the p 2 terms in Bq cancel between the ghost loop diagram and the diagram in¬ 
volving trilinear gauge self-interactions, as happens in 4D QCD. Therefore, the “gauge violating” 
terms in Eq. ( |5.30| ), proportional to r) a p, are proportional to the KK masses, thus preserving 
the unbroken 4D gauge invariance. Diagrams (f)-(i) involving the coupling of a single scalar 
to two gauge fields are directly related to the higher dimensional Higgs mechanism. Also the 
divergent parts of diagrams ( h)-(j ) vanish. This results from a cancellation between the two 
real scalar degrees of freedom in A + , as seen in the form of the propagator ^b ni ’h> m ili) q £ 
Eq. ( |4.6D . Even though for arbitrary £ the two real scalar degrees of freedom have different 
masses, the ^-dependence cancels out in the infinite terms. Note also that diagrams (k) and (l) 
with £ = 1, when the two real degrees of freedom in A + have the same mass, agree with the 
results derived for a complex scalar minimally coupled to a gauge field and satisfying n = 3 
boundary conditions, as given in Table |j. 

Adding the results of Table ^ we find that the contribution to the 6D gauge self-interactions 
is given by 

' 3 


(5.30) 


a g = 2 C x 
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2 - 
5/2 


' 41/6 
13/3 
67/12 


Bg — t(3 + 0 {M.m,l + Mm',l ') X < 


2 

l 5/2 


(5.31) 
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Table 2: Scalar functions Aq and Bq in the non-abelian gauge sector, as defined via Eq. ( 5.30| ), corre¬ 
sponding to the diagrams (c)-(Z) of Fig. ||. For each diagram, the first two cases correspond to even-even 
mixings with m — m! even and m — m' odd, and the third to odd-odd mixings, as listed in Eq. (2.3C). 


which, together with Eq. ( 5.30 ), determines the KK-number violating contribution to the gauge 
boson two-point function arising from the gauge self-interactions in non-abelian gauge theories. 


5.1.4 Mass Shifts and Localized Operators 


It should be noted that the parameters Aq and Bg given in Eq. (|5.3l| ), are gauge dependent. 
In addition, as already mentioned, we find a “gauge violating” term proportional to , i.e. 
Bg 0. This term would arise from the localized operators [see Eq. (1.4)1 

0 1>2 = A^d+d-An + h.c. (5.32) 


Although these operators do not break the 4D gauge invariance associated with the zero-mode 
gauge held, they are certainly not invariant under the set of 6 D gauge transformations left 
unbroken by the chiral square compactihcation [i.e. those generated by a gauge transformation 
parameter satisfying n = 0 boundary conditions, as does A^] Nevertheless, given the fact that 
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the kinetic term renormalization parameter, Aq, is ^-dependent, such terms are necessary to 
ensure that physical quantities such as the mass shifts of the massive KK modes are gauge 
invariant. 

Indeed, the KK diagonal components in Eq. ( 5.30| ) give the leading contribution to the KK 
mass shifts. For KK-parity even states, (—l) m+? = +1, case 1 in Eq. (|5.31|) gives a self-energy 


— i- 


■ <?4 


C 2 (A)6 ab T[- 


167r 2 

which leads to a mass shift 

r 2 


3 41 \ 3 

^ - y J ( P 2 Vu,u - PuPv) ~ ^(3 + 0 M m,lVnv 


(5.33) 


94 


5M kl = I^ C2(A)r 

= T x iS* Ci < A ) r (l)<‘ 


(3+o- hf- 


41 


M. 


m,l 


(5.34) 


Similarly, for KK-parity odd states, (—l) m +* = — 1 , case 3 in Eq. (|5.31 ) gives a (diagonal) 
self-energy 

_2 


r(f) 


5 67 \ 5 

^ - Y9 ) <J)2 ' r]lxv ~ P ^ ~ 4 '( 3 + 0 M 'm,lVnv 


(5.35) 


which leads to a mass shift 

5ACj = f x j§^C 2 (A) r(|) Mil ■ (5-36) 

We see that the £ dependence disappears from the physical mass shifts, as expected. 

The presence of the gauge non-invariant operator associated with Bq and the ^-dependence 
of Aq and Bq go hand in hand. By an appropriate held redefinition, one should be able to 
absorb the r)^ term into purely gauge invariant operators, with gauge independent coefficients . 6 
Notice that the 6D gauge violating term vanishes for £ = —3. Therefore, in this particular gauge 
no further held redefinition is necessary. The induced localized operators are then 


-<5, 


cgV 


(z) x [--f G L 2 FlF^ a 




(5.37) 


where 5 c (z) was dehned in Eq. ( 2.21 ), the factor of 1/4 accounts for universal KK wavefunction 
enhancements, and 


14 

rn =-X 

3 


ff 4 

167T 2 


«>=?• 


(5.38) 


This should be added to the contributions from scalar and fermion loops given in Eqs. B 
and ( |5.18| ). 

Explicit computation of the KK-number violating one-loop corrections to the trilinear and 
quartic gauge vertices in the gauge £ = —3 should give precisely the coefficients necessary to 
provide the non-abelian completion of the kinetic operator Eq. ( 5.37 ), but we leave such a check 
for future work. 
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Figure 4: One-loop fermion self-energy diagrams. These diagrams arise from the interactions with the 
6 D gauge sector. The dashed lines with two arrows represent the propagation of A+. 


5.2 Fermion Two-Point Function 

We turn now to the one-loop corrections to the fermion two-point function. We discuss first 
the loops arising from the 6D gauge interactions. These include interactions with the 4D gauge 
fields and interactions with the spinless adjoints. In subsection 5.2.3| we study the corrections 
arising from Yukawa interactions. 

5.2.1 One-loop Diagrams: Spinor Manipulations in 6D 

The diagrams arising from the 6D gauge interactions are shown in Figure [|. In terms of the 
spin-1/2, spin-1 and spin-0 propagators given in Eqs. (|Q|), ([Q|), (fHi|), and according to the 
vertices given in Figure |ll], they are given by 

T' 


W = - l 4 I 9a 


(&) = - 


mi,h rrij,Zj 


(<0 = -(4 blew*) £ Y r+ 

mi,Zi 


(d) = -\-)g - 4 




sjCjW EE r 

mi,Zi m^,Z^ 


d^k „±(m2,h\m' 2 ,l' r 
(2ir) D k 

>) ! m i td 

U pv,p-k 1 ’ 

(5.39) 

d D k ^±(7712 
(2n) D k 

2 )/^( m l^l 5 m l^l)-p+ T) 

(5.40) 

d D k ~ l ±(rfi2,l2;m'2,l 
(2ir) D k 

2) /^( m i ^i; m i^i)-p— t) 

^ — ,p-k 1 ’ 

(5.41) 

d D k „±(m2,Z2;m2>^ : 

(2tt) d k 

^ — h ,p~k * 5 

(5.42) 

d D k ^ l ±(m2,l2;rn,2,l 
(2tt) d k 

G +-,p-/c 1 ’ 

(5.43) 


where a factor of 1/4 was included in each diagram as explained in subsection |5.1.1| , and 

= - (r 4 ± ?T 5 ) . (5.44) 


6 We thank H. C. Cheng for discussions on this point. 
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We also chose the directions of the fermion loop momenta k, (m 2 ,h) and opposite to 

the convention of Figure [|, so that they are in the direction of the fermion number flow. 

We concentrate on some useful remarks relevant in the evaluation of the previous expressions. 
In particular, we show how to manipulate the 6D T-matrices efficiently to understand the spinor 
structure, as well as the KK-number violating structure, of the results. 

Starting with diagram (a) and keeping in mind that [P±,Pl,r] = 0, one obtains a term 
involving only the momentum along the non-compact dimensions, proportional to 


r^/c A r A r iy ^ ^ \p L 8 (m 2 ^ 2 \rn' 2 ,l' 2 \n±) + P R S(rn 2 ,l 2 ;rn , 2 ,l' 2 -n^) 5(mi,h;m , 1 ,l , 1 ;0)P± 


mi ,1 1 m\ ,E 


(5.45) 


and also a term involving the extra-dimensional momenta that has the form of (5.45) with 


k x T x P L P± - —r. 


m 2 ,±l2 M m,2,l2 r PlP± 


k\T x P R P± —> -r m 2 )T i 2 M m 2 Y a P r P± . 


(5.46) 


To obtain ( |5.46|) , we used k 4 = —rri 2 /R, k§ = —I 2 /R, and the identities given in Eq. ( [5.16| ) to 
express T 5 in terms of T 4 . It is understood that the factor in Eq. ( [5.46 ) appears under the KK 
sums. The KK-number violating terms in the KK sums of ( |5.45 ) are nonvanishing only when 


= 0, Up = 0, = 2 or = 2 [see comments after Eq. ( [A. 17 )]. The sums associated 


with (Eh 


l R — u, 10 L - ^ ui , 0 R 

), involving factors of m 2 ± U 2 , are also non-vanishing in these cases. The evaluation 
of the momentum integrals and remaining T-matrix algebra proceeds exactly as in 4D. 

Turning to the evaluation of diagrams (6)-(e) with the scalars A± in the loop, which are 
characteristic of the 6D theory, we first notice that the definition ( |5.44D immediately implies 

( r +) 2 = ( r ~) 2 = 0 . 

Also, from the identities given in Eq. ( |5.16| ) one can easily see that 

r ± p l p± = r *p r p± = 0 , 


(5.47) 


(5.48) 


and also 


T^PlP^ = -P L P ± , 
t^t ± p r p ± = -P R P ± . 


(5.49) 


Consider first chirality + fermions. Using the fermion propagator given in Eq. (3.3) and G+_|_ 
given in Eq. ([4.6D, as well as Eqs. (|5.47|)-(|5.49), one can see that diagram (6) is proportional to 


p i J' j PrP+ E E 5(m2,l' 2 ;m2,l2', Zi; m[, l[; 3) , 


E 

mi,/i 


(5.50) 


so that it only renormalizes the 4D kinetic term. According to the identity given in Eq. (A. 17), 
the sum in Eq. ([5.50|) may be written as a sum of generalized 5-functions with boundary condi¬ 


tions given by n~£ + 3. As mentioned after Eq. ( A.17 ), the KK-number violating terms vanish 
unless n R = 1, i.e. when n R = 0 [see Eq. ([b^)]. 
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Bq, 

(a) 

[! + (£-!)] x < 

/ 

3 

2 

5/2 

4^ 

+ 

1 

* 

X 

__ 

' 3/2 

1 

5/4 

(c) 

1 x < 

-1 

0 

L -m _ 

0 


Table 3: Scalar functions A ^ and B ^ for the fermion self-energies, as defined via Eq. (5.52), correspond¬ 
ing to the diagrams (a) and (c) of Fig. [|, when the zero-mode is left-handed. Diagrams (6), (d) and 
(e) are finite in this case. When the zero-mode is right-handed the results for diagrams (5) and (c) are 
exchanged. For each diagram, the first two cases correspond to even-even mixings with m — m' even and 
m — ml odd, and the third to odd-odd mixings, as listed in Eq. ( 2.30|). 


Similarly, diagram (c) is proportional to 




p ll r ll p L P+ ^ ^ 


8 (m' 2 ,l' 2 , m 2 ,/ 2 ; 1) , 


(5.51) 


m\,l\ m\,l 


and the associated KK-number violating terms are non-vanishing only when = 1, i.e. when 


n 


+ = 0 . 


For diagrams ( d ) and (e), it is easy to see that the divergent parts are ^-independent, since 


they can at most diverge logarithmically. But G. \ vanishes for £ = 1 [see Eq. (4.6)], and 

therefore these diagrams are finite. 

Diagrams (b)-(e) with chirality — fermions on the external lines can be treated similarly. 

We summarize our results for the fermion self-energies by considering two cases of phe¬ 
nomenological interest: whether the zero-mode is left- or right-handed. If the zero-mode is 
left-handed, we find that the KK-number violating contribution to the corresponding fermion 
two-point function can be written as 


■,jL 

167t 2 


C' 2 ('F)r(-) {A^p lj r l ‘P L - Bq, r 1 ( r m '^i>M m > t ifP R + r mt ±iM m jP L )} P± , (5.52) 


where C^H/) is the eigenvalue of the quadratic Casimir operator in the representation of the 
fermion T, and the scalar function A ^ and Bq, are given in Table |3j. 

When the zero-mode is right-handed, we obtain Eq. ( [5.52 ) with Pl <-> Pr. 

Since the cases ul = 2 or hr = 2 do not lead to zero-modes, and are therefore of less 
phenomenological interest we do not record the results here. However, they can be easily read 
from Table and the last identity of Appendix |A|. 

5.2.2 Mass Shifts and Localized Operators 

We can read now the self-energies proper [the diagonal entries in Eq. ([5.52)1. For KK-parity 
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even modes, we get 


W) r(|) j(3£ - i)^r^p L +1(3 + 0 (p 4 r 4 + P5 r 5 )} p± , ( 5 . 53 ) 


where £>4 = —m/R and ps = —l/R. Since only the left-handed fields receive a wavefunction 
renormalization, after canonical normalization the mass shift is, to lowest order, 




§(3 + 0 - i (34 - 1) 


= s 4 C!( O m "'’ 


for = +1 


(5.54) 


and we see that the ^-dependence cancels out, as expected. Notice also that the phases r m ^i in 
( |5.52| ) also appear in the KK mass terms arising from the bulk kinetic term. They can be rotated 
away by a chiral transformation, or equivalently, absorbed in the definition of the wavefunction 
profile associated with the right-handed fermions, as done in 
For KK-parity odd modes we get the self-energy 


^ c * (*) r(|) | Qe - 0 p^Pl + ^(3 + 0 (p 4 r 4 + p 5 r 5 ) | p± , ( 5 . 55 ) 

and the corresponding mass shift is 

2 

SM mJ = 4 x ^2 C 2 ^>) r(|) M„a , for ( -l) m+l = -1 . (5.56) 

It is also interesting to note that Eq. ( [5. 5 2D corresponds to the localized operator 

^ x {r^L 2 + rJ ,l d ll x & + l) + ^ ^c’J z ) x ^L 2 [i'S> +L T 4 d-'Z> +R + h.c.] , (5.57) 


where 5 c (z) stands for the Dirac delta-functions at the conical singularities, as defined in 
Eq. 0, and the factor of 1/4 accounts for universal KK wavefunction enhancements. For a 
chirality minus fermion, T_, one should simply make cL <-» d+. If the zero-mode is right-handed, 
one should make L R everywhere in Eq. ( [5.57 ). 

As noted in subsection [5.1.4 , the one-loop computation in £ = —3 gauge automatically gives 
rise to operators with a gauge invariant structure, without any additional field redefinitions. In 
this gauge, we obtain 


fq, = — 4 x 


94 

167T 2 


c 2 (T)r 


i 


Cqr = 


(5.58) 


and 

r'y = 0 , (5.59) 

so that no “mass-terms” are generated by the gauge interactions. A direct calculation of the 
three-point vertex of two fermions and a gauge field in the £ = —3 gauge should give the correct 
coefficient to provide the gauge invariant completion of the kinetic term operators of Eq. (HID- 
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Figure 5: One-loop fermion self-energy diagrams associated with the Yukawa interaction ( 5.60| ). The 
dashed line denotes a complex scalar satisfying boundary conditions labeled by n. 


Not all types of kinetic operators appear in Eq. ( 5.57 ). This is consistent with the fact that, 
when = 0, so that there is a left-handed zero-mode, vanishes at the fixed points (0,0), 


(L,L), and (L, 0). Therefore, the quadratic operators not appearing in Eq. ( |5.57| ) vanish at the 
singular points [note also that T ± T-i-l = T t T±/j = 0, according to Eq. (5.47)]. 


5.2.3 Yukawa Interactions 

We finally consider the effect of Yukawa couplings such as 


^Yukawa = A6 < f”I / l±'L2=F + h.C. 


(5.60) 


Note that the fermions must be different since they must have opposite 6D chiralities in order 
for the above coupling to be Lorentz invariant. <f> is a complex 6D scalar. Assume that the 
boundary conditions for the scalar are labeled by n, while the boundary conditions for \Li-t- and 
T 2 ± are labeled by nf L , nf R , nf L and n~,f R , such that, according to Eq. (3.2), 


n iR = n iL "F 1 mod 4 • 
n W = n 2L ± ^ mod 4 ■ 


In addition, 6D Lorentz invariance of the local coupling (5.6C) also requires [1C] 

n — nfr + rif R = 0 mod 4 , 


(5.61) 


(5.62) 


which, together with ( [5.61 ) implies n — nf R + n^ L = 0 mod4. To be concrete, let us assume that 
Ti-i- has a left-handed zero-mode: nf L = 0 and nf R = =pl. Then Eqs. ( 5.61 ) and ( 5.62| ) imply 


rif R = —n mod 4 , 


n^ L = —n =F 1 mod 4 . 


(5.63) 


d D k ^(m 2 ,h ;m' 2 ,l 2 ) q (mi ,/i ) p 


k,n J 


T k-\-p,n 


(5.64) 


The diagram in Figure |] is then 

- G) w EE/ (0j°; 

This contains a term that depends on the 4D momentum, with the structure 

k\T x E E PrS{ m 2 .l 2 ]m' 2 ,!' 2 ;n^ L ) + P L S{m 2 ,l 2 ] rri 2 ,l' 2 \ n^ R ) j 5 {mi , h ; m'i , l[ ; n)P± , 

m\,l\ m'yjl'i 

(5.65) 


- 36 - 




















Bq, 

n = 0 n = l,3 n = 2 

n = 0 n=l n = 2 n = 3 

5 x ( 

3 3i 

2 0-2 

^ 5/2 -1/2 -3/2 

1 x < 

' 3/2 1/2 -1/2 -3/2 

1 1-1-1 
^ 5/4 3/4 -3/4 -5/4 


Table 4: Scalar functions Aq, and Bq, associated with the Yukawa contributions to the fermion self¬ 
energies, as defined via Eq. (5.66), corresponding to the diagram of Fig. [|. We assume that the fermion 
has 6D chirality +, and that it has a zero-mode, i.e. we exclude n R R = 2 boundary conditions. We give 
the results for scalars satisfying the four types of boundary conditions, labeled by n = 0,1, 2,3. For a 
given n and for each diagram, there are three possible cases depending on KK-parity and whether m — m! 
is even or odd, as listed in Eq. ( [2.30 ): the first two cases correspond to even-even mixings with m — m! 
even and to — m! odd, and the third case to odd-odd mixings. 


but given the relations ( |5.63| ), and the comments following Eq. (A. 17), only the second term 
gives a nonvanishing result. The terms depending on momenta along the extra dimensions are 
both non-vanishing, and give rise to the following structure: 

E E r m2iT i 2 M m2 j 2 8(m 2 , h, m 2 , l 2 , ri% L )8(mi, Zi, ra 1? Z 1? n)r PrP± * ^m' PrPz l ? 

E E r m2 ,i 2 M m2h 6 (m 2 , h ; m' 2 , 1' 2 ; ri% R )5{mx , Zi; mi , l[ ; n)T A P L P± —> r mi ±iM rn jT A P L P± . 

tti\ , Zi 


With the help of Eq. (A. 17) and the relations following it, we can write the diagrams in the 
form 

, |A 4 | 2 


167r 2 


{A^p^T^Pl — (r m >^ 1 ’M m >P r + r m> ±iM m> iPL )} P± 


(5.66) 


where and Bq, are given in Table [| for a 6D chirality + fermion, and for the four allowed 
values of the boundary conditions satisfied by the scalar field, n = 0,1,2 or 3. For a 6D 
chirality — fermion, the cases n = 1 and n = 3 are interchanged. Also, when the zero mode of 
\hi± is right-handed, we obtain Eq. ( [3.66 ) with Pl <-> Pr. 

The Yukawa interactions induce localized operators as in Eq. ( |5.57| ). When the scalar field 
satisfies n = 0 boundary conditions we get f qi = f( I; , cq, = c^, and 


rq, = - x 


M 

8 " 16vr 2 


T - 


eq, = - ■ 
5 


(5.67) 


The coefficients of the localized operators for other types of scalar boundary conditions can be 
easily worked out from Table [|. 


5.3 Two-Point Functions of Scalar Fields 

In this section we study the new features arising in the calculation of the one-loop corrections 
to the two-point function associated with 6D scalars. Here we encounter the most general KK- 
number violating structure arising from operators localized at the three conical singularities. In 
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Figure 6: One-loop contribution to where $ is a complex scalar (represented by a dashed line 

with a single arrow) satisfying any of the four types of boundary conditions, n = 0,1, 2,3. The dashed 
lines with two arrows represent the propagation of A+. 


addition, this will serve as a warm up to study the renormalization associated with the spinless 
adjoints, A±. 

As is well-known, these diagrams contain quadratic divergences that tend to lift the zero¬ 
mode to the cutoff scale. This issue only affects scalars satisfying n = 0 boundary conditions, 
and we assume that a bare contribution is tuned to keep the zero-mode light, if necessary. We 
are interested in the induced KK-number violating transitions that correspond to operators 
localized at the conical singularities. Notice that for n = 1,3, the mass term operator 

, (5.68) 


vanishes when evaluated at the singular points (0,0), (L,L) and (0, L), due to the vanishing of 
the corresponding KK wavefunctions given in Eq. ( ]2.2| ). This is relevant for the spinless adjoints, 
A±, which satisfy these boundary conditions, and it trivially shows that there are no divergences 
corresponding to localized mass terms for these fields. For n = 2 boundary conditions, the mass 
term operator ( 5.68| ) is non-vanishing at (0,L). 

Here we will simply use dimensional regularization to calculate the induced localized kinetic 
term operators, and will not worry about potential quadratic divergences. We show the relevant 
diagrams in Figure ||. 


5.3.1 Gauge Interactions 


Let us consider first the diagrams arising from the gauge interactions. The interactions with 
the spin-1 components of the 6D gauge field have expressions which are straightforward gener¬ 
alizations of those applying to 4D scalars minimally coupled to gauge fields (see Figure |;). The 
coupling between two scalars and one gauge field induces 


(&) = - 


glC 2 ($)5 ab E E / 

_ 7 / 1/ J 




d D k 

(2t t) d 


(2 p — k) fl ( 2 p — k) 
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( 5 . 69 ) 


where ( T c T c ) a b = C , 2( < h)5 a fe is the quadratic Casimir operator in the representation of d>. The 
coupling with two gauge bosons induces 



dPk 

{2 tt) d 




(5.70) 


which, as explained in subsection [5.1.l| should be contracted with external propagators to obtain 
the correct KK-number violating structure. 

In addition, there are diagrams arising from the gauge couplings to the spin-0 components 
of the 6D gauge field. The corresponding vertices are shown in Figure |l]. A quartic interaction 
induces 


(d) 



„(mi,Zi;roj,Zi) 

G +-M 


(5.71) 


which again requires contraction with external propagators, while a trilinear interaction gives 


e = - 


i) Ac-ms^Y. E 

777-1 ,h 777^ ,/J ' 


d D k 

(2tt) d 


[ r m,lMm,l + r m 2 ,12^1712,te\ 


X G 


(tt7i 

++,p —k 


r m' 2 ,l' 2 M m' 2 ,l' 2 + 


Q{m2,l2\m' 2 ,l' 2 ) ^ ^ 


and a second diagram (/) which is obtained from (e) by taking the complex conjugates of all 
phases, r m j ► r^ z , and also G ++ —> G _ 

We wish to consider scalar fields satisfying any of the four possible boundary conditions, 
n = 0,1,2 or 3. We start by considering the cases n = 0 or n = 2. We write the results for 
diagrams ( b)-(f ) in the form 

2 

* ^ ab r (^) { A ®P 2 ~ { M m,l + } • (5-73) 




/r 

/ /pi 


A + = 556 ( TC )ab VmuhMrmM - r m 2 M Mm 2 ,h\ 




$6 $ a t 

y 

A1 Ai 




Figure 7: Momentum space Feynman rules for the couplings between scalars and the spinless adjoints, 
A±. There is a trilinear vertex involving an incoming A + (outgoing A_), which can be obtained from 


the one shown here by r mj z —» r ^ ; , where the momentum-dependent phases were defined in Eq. (2.27). 
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n = 0 n = 2 

n = 0 n = 2 

(b) 

3 0 

(£ — 3) x 2 1/2 

5/2 -1/2 

(£ + £ 2 ) x < 

5/4 0 

1 1/8 

9/8 -1/8 

(c) 

0 0 

— (3 + £ 2 ) x < 

5/4 0 

1 1/8 

9/8 -1/8 

(d) 

0 0 

“(! + £) x < 

' -1/4 0 

0 -1/8 

. -1/8 1/8 

(e) + (f) 

0 0 

x ( 

' -7/2 0 

-2 -3/4 

-11/4 3/4 


Table 5: Functions A$ and B$, as defined via Eq. ( 5.73| ), associated with the gauge contributions to the 
scalar self-energies, corresponding to diagrams (&)-(/) in Fig. |^. We give the results for scalars satisfying 
n = 0 and n = 2 boundary conditions. For n = 0, the three cases in each diagram correspond to cases 
la, lb and 2 of Eq. ({2.3C ), while for n = 2, they correspond to cases 1, 2a and 2b of Eq. (2.32|). 


A straightforward calculation gives the scalar coefficients and as summarized in Table |j. 
Adding the diagrams for the n = 0 boundary conditions we get 


7/4 

2 , (5.74) 

15/8 

where the three cases correspond to those listed in Eq. ( |2.30| ). 

For scalars satisfying n = 2 boundary conditions we get instead 



3 

3/2 

A$ = (£ — 3) x < 

2 , B$ = £ x < 

1 


5/2 

5/4 



/ 

0 


/ 

0 

f 

0 


A$ = (£ — 3) x < 

1/2 , 
[-1/2 

.£>$ = £ x < 

1/4 + < 
, —!/ 4 

1/8 , 
[-1/8 

(5.75) 


where now the three cases correspond to those listed in Eq. ( 2.32| ). Notice that, to lowest order, 
the corresponding mass shifts are proportional to 2£>$ — and that the £ dependence cancels 
out in the difference, both in Eqs. J5.74 ) and ( 5.75|) . 

It remains to consider the gauge contributions to scalars satisfying n = 1 or n = 3 boundary 
conditions. In these cases we write the results for diagrams ( b)-(f ) in the form 


—i 


9l 

16-7T 2 




,l r m' ,1 


' + B'a 


& r m,l r m',V j 


(5.76) 
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r 1/4 

0 t 2 

1/8 

.1/8 

' 5/4 
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9/8 

,9/8 

ex < 

' 0 ( 0 

0 - e 2 x i 0 

1/8 ? | 1/8 

. -1/8 [ -1/8 

(c) 

(3+e 2 )x| 

5/4 

9/8 

,9/8 

(3 + e 2 ) x < 

r o 

0 

1/8 

1/8 

(d) 

-(1 + 0 X 

'1/4 

0 

1/8 

4/8 

-(1 + 0 x 

1 1/8 
[-1/8 

(e) + (f) 

“5 x < 

' -1/2 

2 

3/4 

,3/4 

“2 x < 

' 0 

0 

-5/4 

,5/4 


Table 6: Functions and B as defined via Eq. (5.76), associated with the gauge contributions to 
the scalar self-energies, corresponding to diagrams (£>)-(/) in Fig. |(| in the case where the scalars satisfy 
n = 3 boundary conditions. The four lines in each diagram correspond to cases la, lb, 2a and 2b of 
Eqs. (|2.3C|) and ([2.32). For n = 1, the roles of and B ^ are interchanged. 


Notice that there is no p 2 term, as expected from the fact that the 4D-like kinetic operator for 
fields satisfying these boundary conditions vanishes at the conical singularities. A straightfor¬ 
ward calculation gives the scalar coefficients B§ and B ^ as summarized in Table |b] for the n = 3 
case. Adding the various contributions, we obtain 


B$ 


' 15/4 
2 

23/8 

,23/8 


B's = < 


0 

0 

7/8 

-7/8 


(5.77) 


where the four lines correspond to cases la, 
that the ^-dependence cancels out. 

For n = 1 boundary conditions, the roles 


lb, 2a and 2b in Eqs. ( 2.3C ) and ( 2.32 ). We see 
of B§ and B ^ in Eq. ( [5.77 ) are interchanged. 


5.3.2 Localized Operators 

Comparing to the general results of subsection |2.3| , we see that the above expressions correspond 
to localized operators as in Eq. ( 2.22| ). Here we summarize the induced localized operators in 
terms of the coefficients r* = r/L 2 , c*, r 3 = r 3 L 2 and c 3 of Eq. ( 2.22 ), for the four possible 
boundary conditions defining the scalar field: 
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• For n = 0: 


while r 3 = 
For n = 2: 




r'=0. 


Cl = 5 


C 2 = 


2 ( 2 £ + 1 ) 

5 (2£ - 3) 


cA = ^- 3 > x ii c ^ r (l 


C 2 r 2 = ^(2£ + 1) X 9a 


while r 3 = 
For n = 3: 


8 —-' "uw^Ks) ■ 

73 = 0. In this case, no operators at (0, 0) or (L, L) are generated. 


f 3 = — x -^c 2 ($)r(- 
16 16vr 2 V ’ \2 


C3 = 


14 

23 


(5.78) 


(5.79) 


(5.80) 


while f i = 
(0, L), not 


: f 2 = 0. Notice that the operators associated with r' 3 are generated only at 
at (0,0) or (L, L). 


For n = 1: 


7 

C37-3 = g x 

23 


si 

167T 2 

,2 


c 2 ($)r 


' 3 = — x -^c 2 ($)rf-) , 
3 16 16vr 2 v J V2 ) 


c 3 = 


14 

23 


(5.81) 


while f\ = f 2 = 0. Notice that the operators associated with r 3 are generated only at 
(0, L), not at (0,0) or (L,L). 


5.3.3 Yukawa Interactions 

We end this section by considering the effects of Yukawa interactions, which as explained in 
Eq. ([5.60|), involve two 6 D Weyl fermions of opposite 6 D chiralities. We have 


(a) 



d D k 
7 d 


(2tt 


Tr 


f ,/i (77^2 5^2) tj 1 


(5.82) 


which can be easily evaluated using the identities (5.It) and (5.47)-(5.49) to simplify the trace. 

We restrict to the case where at least one of the 6 D fermions running in the loop has a 
zero-mode. If the zero-mode is left-handed the boundary conditions for the fermions in the loop 
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are related to those of the scalar by Eqs. ( |5.63| ). Analogous relations hold if the zero-mode is 
right-handed. The boundary conditions obeyed by the scalar field are labeled by n. 

Independently of the chirality of the fermion zero-mode, when n = 0 or n = 2 we can write 
the result of the diagram as 

+ , (5.83) 

where the scalar coefficients and B$ are given by 


A$ = 2 , = 2 , for n = 0 , 

= 0 , B§ = 0 , for n = 2 . 

Notice that for n = 0, this corresponds to localized operators as in Eq. ( 2.22p , with 


(5.84) 


r\ = r -2 = 


94 

167T 2 


<*<*> r © 


Ci = c 2 = 0 , 


(5.85) 


and ^3 = f' 3 = 0. 

When n = 1 or n = 3 the result depends on whether both 6D fermions in the loop give rise 
to a 4D chiral zero-mode, or only one of them. We write the results in the form 


—i ■ 


, |a 4 | s 


^ ab ^ ( 9 ) ,r + B^r m ir m i i'^ 


(5.86) 


Let us label the boundary conditions associated with the two fermions participating in the 
Yukawa interaction, Eq. ( |5.60D , by nf L and nf R , with z = 1,2, as in subsection 5.2.3 . For n = 3, 
both fermions in the loop have a zero mode when either n\ L = n^ L = 0 or n^ R = n^ R = 0. In 
these instances, we get 


B$ = < 


1 

0 

1/2 

l 1/2 


b'q = 


0 

0 

- 1/2 

1/2 


for n = 3 and two zero modes , 


(5.87) 


where the four lines correspond to cases la, lb, 2a and 2b in Eqs. ( 2.3G| ) and ( |2.32 ). For n = 1, 
the two fermions in the loop can have zero-modes simultaneously when n+ R = n^ R = 0 or 


n 


1 L 


= n 


2 L 


= 0. In such instances, one obtains Eq. (|5.87) with B$ and B'^ interchanged. 


The second category occurs when only one of the fermions has a zero-mode. For n = 3, this 
happens when n\ R = 0 or = 0 or ri^ L = 0 or n^ R = 0, while for n = 1, it happens when 
nf L = 0 or n^ R = 0 or = 0 or ri^ L = 0. In all such instances, one gets the opposite sign of 
the contributions when two fermion zero-modes are simultaneously present. 


5.4 Two-Point Function of the Spinless Adjoints 

We end our exploration of the one loop corrections in the chiral square background by studying 
the two-point functions associated with the spinless adjoints, A±. 
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Figure 8: One-loop contribution to {A+AX ). The dashed lines with two arrows represent the propagation 
of A + . 


We need to consider two types of two-point functions: (A+A+) and (A+A+), which together 
with their complex conjugates determine the structure of localized counterterms needed to absorb 
the logarithmic divergences that appear at one-loop. As mentioned in the previous section, 
the fact that the spinless adjoints satisfy n = 1 or n = 3 boundary conditions ensures that 
no localized mass terms are generated. However, one can generate a localized tadpole term, 
proportional to F 45 , the field strength with indices in the extra dimensions [12]. The coefficient 
is quadratically divergent, but is proportional to the trace of the generators associated with the 
field in the loop. Since for the standard model gauge group and field content all such traces 
vanish, we do not compute this tadpole in what follows. It is easy to do with the technology we 
have developed. 


5.4.1 Gauge Interactions 

We show the diagrams contributing to the two point function (A + At) in Figure ||, and those 
contributing to ( A + A + ) in Figure ||. We start with the diagrams in Figure ||. 

Diagrams ( b)-(d ) are trivially related to the corresponding diagrams encountered in our 
study of general scalar fields in section |5.3|. Diagram ( b ) in Figure || is given by (1/2 ) 2 times 
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expression ( |5.69|) with G n —* G ++ , and C , 2 ( < h) —»■ C- 2 (A). Similarly, diagram (c) is given by 1/2 
times expression ( |5.70|) with C^i^) —■* C 2 {A). Diagram (d) is given by 1/4 of expression (HD- 
Diagrams (e) and (/) are given by 

3 ~ 2 ' d D k 


e = - 


1 \ 6 n z r f]D l, 

4 ) ~2 ^(A) Sab X X / [ r mi,l 1 Mm 1 ,h + r m 2 ,h^ m 2,h] 

mi,Zi m\ 


x G 


(/) = - 


++,fc+p 
3 


Dn/| J\ ^rn\ ,l\ T l ' r n 2 ,l 2 M rn ^ ,l 2 


G 


(m 2 ,h\m' 2 ,l' 2 ) 

++,k 


(5.88) 


gic 2 (A)5 ab x: E / 


d D fc 

(2 n) D 


X --,fc+P 


mi,ii mj,h 


Tm,l Mm,l + M mi}h ] 

(m, 2 ,l 2 ',m 2 ,l 2 ) 


G 


++,k 


(5.89) 


Finally, there is a diagram involving the ghost fields, 
2 


(s) — £ 9a C 2 {A) 6 a b ^2 r m 2 ,l 2 Mm 2 ,l 2 r m' 1 ,l' 1 ^rn l 1 ,l , 1 

k / rr,, I, V 


mi,1 1 m^jl^ 


d D k ^(mi^m'^l^) r ,(m 2 ,l' 2 -,rri2,l2) 
(2vr) D «- fc +P 


(5.90) 


and one involving the interaction between two gauge fields and a single spinless adjoint given by 


(h) = - 


2 f cm)^Y. E / 

mi,Zi 


(2 tt) d 


[^*7Tll,Zl ^mi,Zi + ^7712,Z2 M m2 ,i 2 ] 


x G 




G 


( m' 2 ,l' 2 -,m2,l2 ) 

fiv,k 


. (5.91) 


fc+p j ,ii M S,/j + ,i' M m ' 2 

These last two diagrams are present to account for the would-be Goldstone modes contained in 
A + that realize the Higgs mechanism at each spin-1 KK level. 

Notice that diagrams (*), (j) and (fc) in Figure |], involving the propagators G _or G_ 

are finite as a result of a cancellation between the two real degrees of freedom in A+, so we need 
not consider them. 

We write the results for diagrams ( b)—(h ) in the form 
2 

-i C 2 (A) 5 ab r(^j {B + r m jr* m , tl , + B' + r* nl r m f p) . (5.92) 

Notice that there is no p 2 term, as expected from the fact that the 4D kinetic operator for fields 
satisfying n = 3 boundary conditions vanishes at the conical singularities. A straightforward 
calculation gives the scalar coefficients B + and B' + as summarized in Table |7[ Adding the various 
contributions, we obtain 


/14 = 


9/2 
7/2 , 
4 


B' + = 0 , 


(5.93) 
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Table 7: Functions B + and B ' +1 as defined via Eq. (5.92), associated with the gauge contributions to the 
two-point function (A + y4/_), corresponding to diagrams ( b)-{h ) in Fig. || The four lines in each diagram 
correspond to cases la, lb, 2a and 2b of Eqs. (2.30) and (2.32|). 


where the three lines correspond to the cases listed in Eq. ( 2.30 ). We see that the ^-dependence 
disappears and that B\ vanishes. Notice that the vanishing of B' + is essential to get a rotationally 
invariant (in the plane of the extra dimensions) structure for the induced localized operators: 
a nonvanishing result would lead to operators of the form (<9 +j4 + )(<9_j4_). B + , on the other 
hand, leads to localized operators of the form ((9 _j 4 + )(<9 + A_), which are rotationally invariant. 

Consider now the diagrams in Figure ^ for the {A+A+) two-point function. Diagram (m) can 
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Figure 9: One-loop contribution to ( A + A + }. The dashed lines with two arrows represent the propagation 
of A+. 


be obtained from diagram ( b ) in Figure ||, with the replacement G++ —> — G _p, the minus sign 

coming from the ordering of the 4D momenta. Diagram (n) can be obtained from Eq. ( [5.90 ) 
with r m2i i 2 —> r* l2l2 . Similarly, diagram (o) can be obtained from Eq. ( 5.91| ) by making the 
replacements r mi ^ —» and r m2j / 2 —► r^ 2 l2 . Diagram (p) can be obtained from diagram 

(d) in Figure ||, with the replacement G++ —> G _(_. Finally, diagram (q) can be obtained from 

Eq. ( 5.89| ) by making the replacements r m ^i —> —r* m { and r mi: q —> t . It is easy to see that 

diagrams (r), (s) and (t) in Figure j| are finite as a result of a cancellation between the two real 
scalar degrees of freedom in A + , and we do not consider them in the following. 

We write the results for diagrams ( m)—(q ) in the form 


—* 


94 

167T 2 


C 2 (A)5 ab T 


A straightforward calculation gives the scalar coefficients B 
the various contributions, we obtain 


r m,l r m',l' M m,lM m >pB + . (5.94) 

as summarized in Table |f| Adding 


B, = 


-9/2 
-7/2 , 
-4 


(5.95) 


where the three lines correspond to the cases listed in Eq. ( |2.30| ). Again, the £ dependence 
cancels out, as it should. Furthermore, we see from Eqs. ([5.93|) and (5.95|) that B + = —B + , 


which is essential to obtain a gauge invariant structure for the induced localized operators, as 


we discuss in subsection 5.4.4. 
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Table 8: Scalar functions B+, as defined via Eq. (5.94), associated with the gauge contributions to 
the two-point function (A+A+), corresponding to diagrams ( m)-(q ) in Fig. ||. The three lines in each 
diagram correspond to the cases listed in Eq. (2.30). 


5.4.2 Fermions and Spinless Adjoints 


Before studying the structure of localized KK-number violating terms associated with the spin¬ 
less adjoints, we compute the effect of the interactions of the spinless adjoints with scalar and 
fermionic matter. In this subsection we give the result of the fermion loops, and in the next we 
consider scalar loops. 

The contribution due to fermions to the two-point function (A + A^) is given by (see Fig. |j) 


(a) 



gli 2 T(V)6 ab E E / 

TOi,Zi 


d D k 
(2tt) d 

(5.96) 


Tr 


, (mi ,Zi )-p_ ^,±, (r ^2 ^2 5 m 2 ) 


1 k~\~p k 


p 


}■ 


where Tr (T a T b ) = T('S>)5 a b. Assuming that the fermion has a zero-mode (of any 4D chirality), 
we obtain 

2 

-i ^2 T W 5 <* r (|) B + , (5.97) 

with B + = —2. 

The fermion loop (l) in Fig. || is given by Eq. ( |5.9C| ) with T + —> T _ . Assuming that the 
fermion has a zero-mode (of any 4D chirality), we obtain 

2 

“* ^2 T W 5 <* r (i) r *m, l r*r n ', l > M rn,lMr n >,vB + , (5.98) 

with B + = 2. As for the diagrams arising from the gauge self-interactions, the fermion loop 
gives B .= —B+, which implies a gauge invariant counterterm. 


5.4.3 Scalars and Spinless Adjoints 

We finally consider the effect of scalar fields interacting with spinless adjoints via the vertices of 
Figure |7[ As shown in Figure 10, there is a diagram involving a trilinear interaction, 


(u) = - 
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t(*) fa E £ / 

m i 1, V ** 


mi,li ' 


d D k 

(2t t) d 


M mi ,i 1 + 

r rri2,l2 Mm2,h\ 
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Table 9: Functions B + and B' + , as defined via Eq. ( ]5. 101 ), associated with the scalar contributions to 
the two-point function (A + A)/), corresponding to diagrams ( u ) and (y) in Fig. 0 We give the results 
for scalars satisfying any of the four types of boundary conditions, n = 0,1, 2 or 3. The four lines in each 
diagram correspond to cases la, lb, 2a and 2b of Eqs. ( 2.30 ) and ( 2.32 ). 


x G 


k+p,n 


T / 1 / l / “|- T / If A/yvj/ l / 

m l^l rri l’ L i rn 2’ L 2 ,n 2i L 2 


r,{m' 2 ,l' 2 ;m2,l2) 

Lr k,n 


(5.99) 


and one involving a quartic interaction: 


(»> = -iATWS* Y. J 


d D k ^(mi,Zi;ra^,Zj) 


777-1 ,/l 


(5.100) 


where Tr (T a T b ) = T($)5 a fc. We can write these diagrams as 


2 

-* r (*) ^ r (|) {B + r m , ir * m ,y + B' + r* mtl r m ,y} , (5.101) 


with the scalar coefficients B + , B' + given in Table 0. Adding the diagrams, we get for scalars 



(u) (v) (w) 


Figure 10: One-loop contribution to (A+A^ + ) and {A+A+) due to scalars interacting with the spinless 
adjoints via the 6D gauge interactions of Figure 
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satisfying any of the four types of boundary conditions, n = 0,1, 2 or 3: 


B+ = 


n=0 

n=l,3 

n=2 

7/4 

-1/4 

-5/4 

3/2 

0 

-3/2 

k 13/8 

-1/8 

-11/8 


B'+ = 0 , 


(5.102) 


so that again the rotationally violating contribution proportional to B' + vanishes. 

The contribution to the two-point function (A + A + ) from diagram (w) in Figure |~P~j| is given 
by Eq. ( 5.99|) with r mi) q —> t and r m2i ; 2 —> z , and the result can be written as 


■ 94 


-i ^ry , 

with B .|_ = —B+, and B + given in Eq. (5.102|). 


(5.103) 


5.4.4 Localized operators 

We computed in the previous subsections the contributions to the spinless adjoint two-point 
functions due to the gauge self-interactions, as well as to the interactions with fermions and 
scalars arising from the 6D gauge interactions. We showed that one obtains the structure 


„ B+rrajr^'MmjMrn'f 


<4 


(m ,/ ) A (m,l)\ t-\ * ji ji T- 

A_\_ ) ~ B + r m ir mf ^ 


(5.104) 


with B+ = — B + . It follows from this and the hermitian conjugates of relations ( [5.104[ ), that 
the logarithmic divergences require the gauge invariant localized counterterm 


^ + (z)x(-^f + L 2 w) , 


(5.105) 


where 5 c (z) was defined in Eq. (2.21), the factor of 1/4 accounts for universal KK wavefunction 
enhancements, and 


1 


1 


—F^ = -FI 


= - [d+A. - d-A^ 


(5.106) 


Recalling the KK decompositions A^ k (x,z) ~ —A J + k (x)f^’ k (z), Ai[ k (x,z) ~ A^_ k (x) f(’ k (z), and 
using Eqs. ( j2.26|) , one can see that the tree-level contribution to (A+ 1 ,l associated with 

the vertex ( [5.105| ) is 

• (2 + c+)r + 

X ' (2 - C+) f+ , (5.107) 

2 r + 
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where the three lines correspond to the cases listed in Eq. ( p.30| ). From this we can read the one- 
loop contributions to r + from the results of the previous subsections. The gauge self-interactions, 

), give a contribution 


Eqs. 


, (|5.94|) and 


r+ = 8 x 


fff 

167T 2 


c 2 {A)T 


1 


the fermions [see Eqs. (|5.97), and (5.98)] give 


f+ = - 4x i& r(,I,)r (I 


and the scalars [see Eqs. ( 5.101 ), ( 5.102 ) and ( 5.103 )] give 

13 


r + = T x 




C+ = 


C+ = 0 , 


C+= 13 


(5.108) 


(5.109) 


(5.110) 


The previous results for the localized operators assume that the fermion and scalar fields include 
a zero-mode in their KK towers. The coefficients of the localized operators induced by scalar 
fields satisfying other boundary conditions can be easily read from the results presented in 


subsection 5.4.3 


6. Summary and Conclusions 

We considered the one-loop structure of general held theories in six dimensions, with two of 


the dimensions compactihed on the “chiral square” of Ref. [10]. This compactihcation has a 
very simple geometric description: start from a square region in the plane and identify adjacent 
sides of the square. This compactihcation to four dimensions has the desirable property of 
leading to a chiral four-dimensional theory, and is therefore appropriate for phenomenological 
applications. In fact, as shown in ]K|, the construction is equivalent to a T 2 /Z± orbifold. 
The geometric construction makes it clear that there are three singular points with a conical 
symmetry. Our explicit one-loop computation shows that there are logarithmic divergences that 
require the introduction of counterterms precisely at these three points. It also shows that the 
localized counterterms obey a rotational symmetry, as expected from the conical nature of the 
singularities. 

We derived the propagators for spin-0, spin-1/2 and spin-1 fields in momentum space and 
showed how to take into account the “boundary conditions” that define the propagation of these 
fields on the chiral square background. Putting the information about the compactihcation in 
the form of the propagators permits the use of vertices that conserve momentum in the extra 
dimensions, and therefore allows us to consider arbitrary interactions in a universal manner. 

We also considered the 4D spin-0 fields that arise from the extra dimensional components of 
6D gauge fields. Their interactions among themselves and with other fermion and scalar fields 
are constrained by the 6D gauge invariance. These states are characteristic of the present class 
of six-dimensional theories. We find that the self-interactions give a positive mass shift, while 
the gauge interactions with fermions give a negative mass shift. This is similar to their spin-1 
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counterparts. However, the numerical coefficients are different. When applied to the standard 
model field content, one finds that the lightest KK particle is the spinless adjoint associated with 
the hypercharge interactions. Thus, these scenarios give rise to a scalar dark matter candidate, 
with Yukawa-like couplings determined by the gauge interactions. 

Our results can be summarized succinctly by giving the coefficients of the various quadratic 
operators involving the given fields. In order to do so, we define the following shorthand notation 
for the various kinetic term operators. For the 6D gauge system we have two types of kinetic 
terms: 

= -\F; v F^ a , 045 = AflA • (6.1) 

For 6D Weyl fermions, T-t, with a left-handed zero-mode, the kinetic terms generated at the 
singularities have the form 

Oy L = M±T»P L d li y± , OM l = + h.c. , (6.2) 


while for 6D Weyl fermions with a right-handed zero-mode they have an analogous structure 
with Pl <-> Pr. For scalar fields there are four types of localized kinetic term operators as 
shown in Eq. ( 2.22 ). However, for scalars having a zero-mode, i.e. satisfying n = 0 boundary 
conditions, only two types of kinetic terms are generated: 


0$ = 0 , 0| f = T f (c) + a_$) + h.c. 


(6.3) 


In this case, there are also induced mass terms, 

Assuming that the zero-mode fermion is left-handed, we found that the quantum effects 
induce localized kinetic term operators at the points (0,0) and (L,L), which we write as 


[<I(x 4 )<5(x 5 ) + S(L - x 4 )5(L - x 5 )] x {rf£>A + rf 5 045 


+ r?Ov L + rf 1 m O% l + rf 0$ + rf’ m O% 


} , (6-4) 


where, for convenience, we wrote an explicit factor of 1/4 to account for the KK wavefunction 
enhancements arising from Eq. (2.2) evaluated at the singular points. The coefficients of the 
operators at these two conical singularities are found to be identical, as required by KK-Parity. 
If bare contributions at the cutoff scale A can be neglected, RG evolution induces coefficients 
that can be read from Eqs. ( f5.ll ), ( 5.1 9| ) , (5.38), ( f5.58 ), ( |5.67 ), ( 5.78| ), fl5.85| ), ( |5.108| ), ( |5.109 ) 
and (5.110): 
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-4 ]T + 
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-y £ 9lC 2 (<S>) + Yl X li 

gauge i 

-iE«4 2 C2(1-) + E A li 

gauge i 


(6.5) 


where // is the renormalization scale, and 54 and A 4 ; j are the 4-dimensional gauge and Yukawa 
couplings, respectively. In the equations for rf and rf 5 the first sum runs over 6 D Weyl fermions, 
while the second runs over 6 D complex scalars satisfying n = 0 boundary conditions. 02 (F) is the 
Casimir eigenvalue in the representation of the fields F = A^, 'I' or <!>, while Tr (T a T b ) = T(F)S a b, 
where T a are the generators in the representation of the field F. The terms proportional to 
02 (A) include the contributions of the complete 6 D gauge multiplet, i.e. both the 4D spin-1 
components, as well as the spinless adjoints. The sums in the expression for rf and rf’ M run over 
its gauge interactions, as well as the Yukawa interactions with complex scalars satisfying n = 0 
boundary conditions. We also derived relations for scalars satisfying more general boundary 
conditions in Section [j.3| . 

In addition, one finds operators at a third singular point with coordinates (0,L): 


L 2 


5(x*)5(L - x 5 ) (t a O a + ffO i5 + rfO* L + r. 


y,M qM 


f 1 


+ ffOs + rp M 0% 1 


( 6 . 6 ) 


where the coefficients are in general independent from those in Eq. ( |6.4D . The contribution due 
to physics below the cutoff scale A was found to be 
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It should be noted that the above coefficients were obtained in an i?£-gauge with £ = —3 (the 
expressions for the various two-point functions in an arbitrary gauge are given in the main text). 
This is a convenient gauge since all induced operators have automatically a gauge invariant 
structure. To see the gauge invariance explicitly for other choices of the gauge parameter, a 
further held redefinition is required. Of course, physical quantities that may be calculated 
from the two point functions, such as the mass shifts, are ^-independent. See the discussion in 


subsection 5.1.4 


Although in this paper we did not compute explicitly the renormalization of KK-number 
violating gauge interactions, the result of such a computation in £ = —3 gauge should give rise 
to operators with the precise coefficients necessary to provide the gauge invariant completions 
of the kinetic operators in Eqs. according to the standard prescription 8 m —► Dm = 

and 0 provide a very 


8 m — iAm- Thus, the operators given in Eqs. (6.4), 
convenient summary of the one-loop results computed in this paper, allowing a straightforward 
determination of the induced mass-shifts, or of any KK-number violating gauge interactions of 
interest. 

For example, the leading corrections to the gauge boson masses can be obtained from 


M 




= M. 


j,k 


where 6 Z A (j : k) is the wavefunction renormalization of A]j' ' coming from the localized operator 


1 ~ 2 ^A0, k ) 

OA) 


( 6 . 8 ) 


Oa in Eq. (6.1), and the tree-level mass of the (j,k )-th level is given by Mj^ = yjj 2 + k 2 /R. 
The spinless adjoints, on the other hand, receive only a “mass” renormalization associated with 
045 in Eq. 0 , since the 4D kinetic term operators vanish at the singular points. In fact, 
045 , when expanded in KK modes, contains precisely the gauge invariant linear combination of 
A 4 and A 5 that is orthogonal to the eaten would-be Nambu-Goldstone modes. Thus, only this 
physical degree of freedom receives a mass shift from the localized operators, given by 


M 


A U, k ) 

a sa 


= M. 


j,k 


1 + -32 A<j,h) 


SA 


For fermions, one finds to first order in perturbation theory, 


Afq/p'.fc) — Alj^k 


1 - + -SZ^u.k) 


(6.9) 


( 6 . 10 ) 


where 5 .is the localized 4D kinetic term renormalization constant, and the renor¬ 

malization of the kinetic terms with transverse derivatives, i.e. mass renormalization in a KK 
language. Notice that only one of the 4D chiralities receives a wavefunction renormalization due 
to localized operators. For scalars, one similarly has 


— 4ui,g + Mj k (l - 5Z$(j,k) + 


( 6 . 11 ) 
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where mo is the mass of the zero-mode, and the factor of four arises from the normalization of 
the heavy KK states relative to the zero-mode. 

For KK-parity even states, the 5Z 's are related to the coefficients of the localized kinetic 
term operators of Eqs. (0 and (l6lf) by 


SZ A U,k) = 2 rf + rf 
= 2 rf + rf 


2 ff+rf , 
8 Z$U,k) = 2 rf + rf , 


8Z A U,k) 

A SA 


( 6 . 12 ) 


8 Z' 




2 Re (2 rf’ M + rf’ M 


8 Z' 


<J> U, k ) 


2 Re ( 2 r?’ M + rf’ M 


For KK-parity odd states, the 5Z's are as in Eqs. ( 6.12| ) except that the ^’s do not con¬ 
tribute, since the corresponding KK wavefunctions vanish at (x 4 , x 5 ) = (0, L). The explicit mass 
formulae for both KK-parity even and KK-parity odd states were given in Eqs. (|1.9D — ( 1.16 ) of 
the Introduction, where we also included the results for scalars satisfying boundary conditions 
other than n = 0. 

As mentioned before, the localized operators summarized in Eqs. (6.4)-( |6T| ) contain much 
more information than the mass shifts. They also encode information about KK transitions, as 
well as new interactions with the massive gauge fields. As an important example of KK-number 
violating couplings, we consider those between zero-mode fermions, ij:, and massive KK-parity 

.(jJA 

even gauge bosons, Ay,' . We write the effective 4D coupling as 


94Ptk 

-ivl >A 
'j,k 


(6.13) 


where the dimensionless parameters Cf f f are determined, to lowest order in perturbation theory, 
by the coefficients defined in Eqs. 


and (5.7), as 


Cff = ~8 Z aU ,h) + ^SZ 9(j ,H) - ^Z*u*) , 


1 


1 


1 „■=/ 


(6.14) 


where now 


6 Z 


AU.V = 2r^ + (-l) J ff , 
n;U,k) =2 rf + (-1 ) J rf , 
8 Z-q,(j,k) = 2 Re 




(6.15) 


2 rf’ M + (-iyrf’ M 


Notice that when j is even, the KK-number violating couplings, Cf ff, are simply related to the 
mass shifts of the heavy states involved. However, when j is odd, Cff depends on a different 
linear combination of f\ and r 2 than the one appearing in the mass shifts, e.g. Eq. (HD- 
These couplings may play a crucial role in discriminating these scenarios from other kinds of 
new physics [ 141. 
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A. Kaluza-Klein Number versus Momentum Space Representations 

In this Appendix we derive in detail the general relation between the KK-number and momentum 
space representations of a generic two-point function. We derive results that are sufficiently 
general to cover the cases arising in the treatment of fermion and gauge fields. In particular, 
we allow for two-point functions connecting fields that satisfy different boundary conditions, 
labeled by integers n\ and ri 2 - 

The procedure is straightforward: starting from the propagator in configuration space, 
G(p',z,z'), satisfying the appropriate boundary conditions, one can either project on the KK 
wavefunctions, f^’ k \z), given in Eq. ( |2.2| ), or on the momentum space wavefunctions, h^ m,l \z), 
given in Eq. ( |2.3| ). However, one must exert some care since the two sets of functions form 
complete sets on different spacetime regions, and the quantum numbers ( j , k) and (m, l) cover 
different ranges. 


A.l Diagonal Propagators 

We start with propagators that preserve Kaluza-Klein number and postpone the analysis of 


Kaluza-Klein number violation to the next subsection. Using Eq. ( 2.12 ) we can derive, for any 
two integers ni,ri 2 G {0,1,2,3} and arbitrary expansion coefficients gj.k-. the identity 


4 L 2 


d 2 z d 2 z' 


l-L 


'* im, ‘T>r (&*/»*>« [ev>r) 


j,k 


E 

j,k 
1 ' 
4 


2 [1 + SjfiSk,o] 




2 [l + 


-5(j,k-nri ,l';n 2 ) 


9m,l + + e 2*(0i+ e^-^g^ 


5(m, l ; m', l'; n^) 
[1 + 5m,odi,o] 2 


, (A.l) 


where 0j = n* n/2. The significance of the “tilde” notation in gj k will become clear in the 
following paragraphs. 


In Eq. (A.l) it was necessary to assume that the sums over j and k run unrestricted over 
all integer values. To use this identity, the simplest way to proceed is to extend the restricted 
sums one naturally encounters when working in the KK-number representation [see comments 
after Eq. ( |2 . 3| )] to the whole range of integers. This can be achieved by noting that the KK 
wavefunctions defined in Eq. (2.2) satisfy the relations 


, /?•->(,) = e^/A^V) . (A.2) 


je Ak,j), 


A-j-k) 


2 ie AiM), 


eU~ k )l 


3 id A k d)( 


Therefore, for arbitrary coefficients gj^ k , one can write 


E WifT) [hfE') 

j,k 


1 * 1 


E iittHAb) \& 


j,k 


(A.3) 
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where, following our convention, the ' superscript in the sum on the left-hand-side indicates that 
it runs over the restricted range j >0, k > 0 and j = k = 0, while the sum on the right-hand- 
side stands for a double sum over all integers. The “tilded” quantities g 3 .k are defined in terms 
of (jj.k as follows: 


9j,k 

for j > 0, k > 0 


for j < 0, k > 0 

e -W6l-02)g_._ k 

for j < 0, k < 0 


for j > 0, k < 0 


9 j,k ' 


and <?o,o = ^9o,o- Then, using Eqs. (AT), (A.3) and the dehnition (AT) one obtains 


(AT) 


4L 2 


d 2 z d 2 z' 


' —L 




1* / 1 

I 2 


Y^ 9 j,kti; k \z) \f& k Xz')V h^'t'Xz') 


j,k 


9m,l 


5(m , Z; m', l 1 ] n 2 ) 

[1 + < 5 t 71 , 0 <^,o ] 2 

It follows that for a propagator with the general representation in KK-number space, 

G ni ,n 2 (p; 2; z ') = J2YI 9 i’ k /ni fc) (*) fn2 k) ( Z ') > 

j,k 

and using Eq. S), as well as the completeness relation 

^2 E h(m ’ l) ^ \h {m ’ l Xz')\* = 5 ( 2 Xz ~ A , 


(A.5) 


(A.6) 


(A.7) 


m.l 


we can write 


G ni ,n 2 (p; z-, z') = / d 2 yd 2 y , 5^Xz-y)G nijn2 (p-y-y')6^ ) (y'- z') 


l-L 

1 

4L 2 




m,l m',/' 


(A.8) 


with G^p/n’lJ 12 1 \ as defined in Eq. ( 2.11 ), explicitly given by 


/Tm,Z;m',n ~ <5(m, Z; m', Z'; n 2 ) _ S(m, Z; m', Z'; ni) 

Lr p,m,n 2 “ 5m, l 2 - 5m', V 2 

[1 + OmfiOlfil [1 + Om, 00 «,oJ 


(A.9) 


9—m’,—V = e 2 '^ 1 d2) 9m',V 


9 - 1 ',m' = e 3i(£)l d ^9m',V , (A.10) 


To obtain the second equality we used the relations 

9l' ,—m' = ^- d2) ~9m',V 1 
which follow from the definitions (A.4). 

Specializing Eq ( A.9 ) to the scalar case with m = n 2 = n, Eqs. (2.4) and (225), one obtains 
the scalar result of Eq. ( 2.17 ). Recall that 50,0 = ^9o, O) as stated after Eq. (AT). 
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A.2 Kaluza-Klein Mixing 

Now we consider two-point functions with an arbitrary KK-number violating structure, as in 
Eq. 

1 WW 


G(jr, z\ z') = -^2 E E »&*>*',*') /£*>(*) [/S'‘V) 

j,k j',k' 

1 


4l2 E E 


(A.ll) 


m,l m',/' 


As was done in Eq. (A.3), we may extend the definition of the coefficients 9(j,k)-,(j',k') i R such a 
way that the summations over KK number can be taken over an unrestricted range: 7 

E'E' w* /&*»<*) [/S'*V>] - = ^ E E /#*’« [/S'^M 

j,k j',k' j,k j',k' 

(A.12) 

In order to write in a compact form the required extension 9(j,k);(j',k')i we define a “reorder¬ 
ing” function 


R(j, k) = < 


(A.13) 


(j, k) if (j, k) G S 0 = {j > 0 ,k> 0} 

(k, -j) if (j, k) G Si = {j < 0, k > 0} 

(-J, -&) if (j, &) G S 2 = {j < 0, k < 0} 

. if (j, &) G S 3 = {j > 0, fc < 0} 

and also P(j , fc) = u; if (j, k) G S^, giving the quadrant to which (j, /c) belongs. In terms of these 
auxiliary functions the “tilde” operation is given by 

9(j,k)-,(j',k') = 9R{j,k)-,R(i'k')e~ lP[3 ' k)e i +?p (^’ fe ') 02 , if (j, k) & (/,£') / (0,0) 

9{j,k)-,( o,o) = ^9R(j,ky,(o,o) e ~ lP( ' j,k ' >ei > if {jik) ^ (0,0) 

5(0,0);(i',fc') = ^9^0,0);R(j'k')e lP( ' j ,k , if ( j',k ') / (0,0) 

5(0,0);(0,0) = 16^(o,0);(0,0) > 
where 0* = nj7r/2. 

To relate the expansion coefficients .k') an d G^’n™ ,l ■* (KK-number and momentum 

bases, respectively) in the KK-number violating case, we can project Eq. (EH) on momentum 
space, as in Eq. ( |2.11 ). With the help of Eqs. ( 2.12 ) and ( [2.14 ), and following a procedure 
similar to the one used to derive Eqs. (AT) and ( A.5|) , we find 

= b S E p + 1A,] i{m ’ ni) 

j,k j',k’ J ’ ’ ’ ’ 


(A. 14) 


1 


(A.15) 


_ [l + W/.ol[l +W/ '.ol ' 

'Although g(j,k);(j',k') depends on n\ and ri 2 , we do not indicate this dependence to avoid further notational 
cluttering. 
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Note that Eq. ( |A.S| ) is a subcase of the previous relation. 

Using the fact that 9(j,k);(j',k') an d 9(j,k);W ,fe') coincide when j > 0, k > 0, one immedi¬ 
ately obtains Eq. O). Eqs. (|2.20| ), involving zero-modes, are also immediately derived from 
Eq. ( A.15 ) and the definitions ( [A. 14 ) and ( A. hip . 

A.3 Useful Identities for the Generalized Functions 5(m,l;m , ,l l ;n) 


Here we record some useful relations involving the (5-function introduced in Eq. ( 2.14 ): 

= 5{m 2 , mi, h\ — n) , 

5{-mi,-li,m2,l2',n) = 5(mi, li, —m 2 , —I 2 ', n) 

= 5{mi,l 1 ;m 2 ,l2-,-n) , 

5{mi,lr,l2,—m2]n) = e~ mn ^ 2 S(mi, l\; m 2 , h\n) , (A.16) 

5{mi,li]— m 2 , —h',n) = e~ m7r 5(mi, Zi; m 2 , 12 ] n) , 

5{mi,li;-l2,m2-,n) = e~ 3inn / 2 5(mi, l\] m 2 , Z 2 ; n) . 

We also note that the products of generalized <5’s that appear in the diagrams (see Figure |]) can 
be simplified using 

Y 6(mi, h\m[, 77i)<5(m2, /(>; m 2 , ^ 2 ; ^ 2 ) = <5(m, l ; m', l'; n\ - 77 - 2 ) (A.17) 

+ e tUl 5(m — m\ — l±, l — l\ + mi; m', l\ n\ — 772 ) 

+ e 2l6l 5(m — 2m\, l — 2l\\m!, l'\n\ — 712 ) 

+ e 3ldl 5i(m — 777-1 + h, l — l\ — mi; m', l'; n\ — n 2 ) , 

where 0\ = ?7i7r/2, and m 2 = mi — m, I 2 = h — l, mf, = rri\ — m' and 1' 2 = l[ — l'■ 

One can check that the last three terms in Eq. ( A.17 ), when summed over (m\,l{) vanish, 
except when KK-parity is preserved and 


77l = 772 = 0: 

Y Y S(miJ^m[j[; 0 ) 5 (rn' 2 J 2 -,rn 2 ,l 2 -, 0 ) ~ 5(m,l;m' 1 = 4x ^ 

mi,li 

77l = 772 = ±1: 

EE <5(mi, l\; m(, ± 1 ) 8 ( 1712 , l 2 ', 7772 ,^ 2 ! ±1) — 8 (m, l; m!, l'\ 0) | = 4x | 

mi, Zi yrn^l^ 

77l = 772 = 2: 


3 

2 

5/2 


-1 

0 

- 1/2 


Y I Y.) HmiJi;rn[J[; 2 ) 8 (m' 2 ,l' 2 -,rri 2 ,l 2 ; 2 ) ~ 8 (m,l\m! ,l'\G) | =4x< 

rrti,h 


-1 

-2 

-3/2 
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where the three cases in each of the bullets are as defined in Eq. ( |2.3C| ), which we quote here 
again for convenience: 


or 


Case la: 


Case lb: 


Case 2 : 



(—1 = + 1 , m — m! even, 

(—\') m ' +l ' = + 1 , m — m! odd, 
(_1 yn'+i' = _i ) 


(A.18) 


• ni = 0 , n ,2 = 2 or n\ = 2 , = 0 : 


E 

mi,Zi 


y, mi, 0 ) 5 (m 2 , 4 ; ^ 2 ,^ 2 ; 2 ) - 8 {m,l\m',l'\ 2 ) 


= 4 X 


0 

< 1/2 

,-V 2 


where in this latter bullet the three cases are different from the previous ones, as given in 


Eq. (|2.32|): 


Case 1: 
Case 2a: 
Case 2b: 


= = +lj 

(-1 ) m +i = = -l, 


m — m! even, 
m — m! odd. 


(A.19) 


B. Tree-level Propagators on the Chiral Square 


In this Appendix we derive the propagators for fields of various spins on the “chiral square” 
background of @ 0 - We follow the general strategy of deriving the propagator in the mixed 
position and momentum space representation, making use of the KK wavefunctions in Eq. (2.2) 
to take care of the appropriate boundary conditions, after which it is a simple matter to find 
the corresponding momentum space expressions using the formulae derived in Appendix |A|. 


B.l Chiral Fermions 

We start by computing the fermion propagator in mixed position and momentum space. We 
need to solve 

i (-ir% + r 4 d 4 + r 5 <9 5 ) G ± {p ■ Z- z') = iP T 8^ 2 \z - z') , (B.l) 

where the ± superscript in G ± (p' 1 z: z') refers to the two possible 6 D chiralities defined by 

P± = i(i±r), (b.2) 

and the six-dimensional chirality operator is Y = p°p 1 p 2 r 3 r 1 r 5 . A convenient representation 
of the 8 x 8 T-matrices is 

® a 0 , T 4 ’ 5 = 775 ® a 1 ' 2 , (B.3) 
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where 7 ^ are the 4D 7 -matrices, 75 = 27 ° 7 4 7 2 7 3 is the 4D chirality operator, cr° is the 2x2 
unit matrix and o l are the Pauli matrices. In this representation, T = —75 <S> cr 3 . 

Each 6 D chiral fermion contains both left- and right-handed 4-dinrensional chiralities. Since 
the folded square identifications require them to obey different boundary conditions, it is useful 
to treat them separately by using the 8 x 8 4D chirality projectors 


Defining 


P L ,R = ^{lTir°T 1 T 2 T 3 ) . 


(B.4) 


g ll^ z ^ z ') = PlG ± (p-z,z')P r = J d A x e ipx {^> ±L (x, z)^> ±L ( 0 , z')) , 
g rl(.P'’ z ’ z> ) = Pr g± (p‘,z,z')Pr = J d A xe ipx {^± R (x,z)^>± L (0,z')) , 

G lr(P’ z -> z ') = Pl g± (p-,z,z')P l = J d 4 xe ipx (^ ±L (x,z)^± R (0,z')) , (B.5) 

g rr(P', z , z ') = PrG ± (p;z,z')P l = J d 4 x e ipx (^ ±R (x, z)^>± R {0, z 1 )) , 

we can derive the equations obeyed by G± L , G^ L , etc. as follows. Applying the differential 
operator i (— iY^p R + + r 5 9s) to Eq. (BA), and then projecting by Pl on the left and by 

Pr on the right, we can obtain a differential equation for G± L : 


(p 2 + dl + di)G± L (p-,z,z')=iP L P ± T p p^(z-z') , (B. 6 ) 


where we used the fact that T 4 and T 5 commute with Pl,r■ We see that this equation is solved 
by 

G± L (p-, z, z') = P L P±T p p R G n ±(p-, z, z’) , (B.7) 

where G n ± (p; z, z 1 ) is the 6 -dimensional scalar propagator satisfying Eq. & It is given ex¬ 
plicitly by 

G n ± ( p ; z,z') = ^Yl 9s k f R ± k) ( z ) [f R ± k) (*')] , ( B - 8 ) 

j,k 

where g$ k is the 4-dimensional scalar propagator defined in Eq. ( |2.5| ). The integers label the 
boundary conditions obeyed by the left-handed components of the 6 D fermion in question. 

We can find G^ L from the solution G± L above by projecting directly Eq. 0 , Pl--- Pr, 
to obtain 


r “p„g% l + i (r*a 4 + r»%) g$ l = o . 

Using the identities Eqs. (5.16), we find 


(B.9) 


G± RL = -^P^P 4 d ± G± L 


PrP±T 4 (id±G r 


(B.10) 
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where d± were defined in Eq. (|2.23| ), and G n ± is given in Eq. (B.S). 

Proceeding in an analogous fashion (i.e. projecting by Pr on the left and by Pj J on the 
right) we see that G^ m is given by 

g rr(P', z ,z') = PRP±T fJ - Pf ,G n ±(p-, z , z ') , (B.H) 


where G ±(p; z, z') is given by Eq. (B.8) with —> n^, and also that Gj r is given by 

R 

Gf.p. = PlP± P 4 (id=G n ± 


+ 


(B.12) 

The integers and associated with a given 6D fermion are related by Eq. (|3.2| ). Using 
Eqs. ( 2.26 ) and (B.8) we can easily calculate the partial derivatives needed in Eqs. ( B.10| ) and 

(1H ) : 

id±G n (p-,z,z') = -J 2 YI r j ,±kM jik gfe k fj$(z) f^’ k) (z') , (B.13) 

j,k 

where the phases rj^ were defined in Eq. ( 2.27| ). 

Putting the results (B.7), ( |B. 1C| ) , ( p.ll| ) and ( B.12 ) together, we see that the fermion 
propagator has the representation 


g ll (p; z,z') = PlP± k Y' 9 s k & ^ /, 




L 2 


j,k 


r f\A 

l L 


C&te*.*') - -PkP±j S 'E r***^>w 


U„u>; ■-.=') = -ftPiyiE r 4 M M9 j 


L 2 

j, k 

1 — / 
L 2 


± 

a 


4 


J, k 


&\z)} k± fe /S;V) 




U R 


(B.14) 


g br(p; 2 ') = p R p ± 72 XT r i,±kf%t k) ( z ) r h±k ±*°(~0 


: L 2 


j, k 


(jAO, 

i? 


4 


where and are related as in Eq. (3.2). 

We may now project Eqs. (B.14) on momentum space, as in Eq. ( [2.11| ). Using Eqs. (A.4) 
and (A.5), we obtain 


G 


LL,p = PlP± tII Pii 9s' 6(m,l\m' , 


= -PRP±^r mt±l M mtl g^ 1 6(m,l-m' ,Z';ra±) 


G 


LR,p 


m,l 


J 7'.„±\ 


= -PlP±P r m ^iM m ^g s ’ 8(m,l;m ,1 -,n%) , 


(B.15) 


G 


=L,(m,Z;m / ,Z / ) _ 


RR,p = PrP±^^Pp g's ' 1 ${m, l; m , l'\ n^) . 




Note that by using the relations ( |3.2| ) the “tilde” operation defined in Eq. (A.4) simplifies 
considerably, and there is no need to distinguish among the four possible sign assignments of 
the momenta m, l. 
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By adding the four results in Eq. ( B.15 ), and using again the identities (|5.1G| ), we can 
write the fermion propagator in the more compact form given in Eq. (|li|). Recall that the 
extra-dimensional momenta with lower indices are given by p 4 = —m/R and p§ = — l/R. 

B.2 Gauge Fields: The Spin-1 Components 

After integration by parts, the terms involving A^ in Eq. (4.1), with the gauge fixing Eq. (4.2), 
can be written as 


--A 1 * 

2 


(p 2 + d\ + <9f) r/ /t „ - ( 1 - 


PfiPv 


A v 


(B.16) 


where we went to the momentum space associated with the non-compact dimensions. 
The spin-1 propagator in the mixed representation is defined by 


(.P +di + ~ ( 1 - | ) PuPx 


1 


G Xv {p\ z; z') = —i (z — z') 


and the solution satisfying the boundary conditions is 

Gnv(p\ z\z') = ^ 9 J rffo ,k \ z ) fo’ k \ z ') 




(B.17) 


(B.18) 


with gjlv as given in Eq. 

Going to momentum space in the compactified dimensions, as in Eq. ( 2.11 ), and using 
Eq. (M) with n\ = ri 2 = 0, we can immediately derive Eq. (|4.4| ). 

B.3 Gauge Fields: The Spin-0 Components 

In this subsection, we concentrate on the slightly trickier issues associated with the scalar degrees 
of freedom contained in the six-dimensional gauge field, Am- Up to surface terms that do not 
contribute as a result of the boundary conditions discussed in Ref. [111, the terms in Eq. (4.1) 
[with the gauge fixing Eq. (|4.2|)] quadratic in A 4 , A 5 can be written as 


£ => x E A' [( p 2 + d\ + d 2 )b %j - (1 - Qdidj] A j 


i,j= 4,5 


= jw.AD 


(B.19) 


'p 2 + \{ i + t)d+d- 4(1-04 
x -5(1 -0 9 - pi + Ui + W+d-J U-/ ’ 

where d± were defined in Eq. ( 2.23| ) and we wrote the second line in the A± basis as defined in 
Eq. (|4 . 3| ) . The fields A± are convenient since they satisfy well defined boundary conditions [11]: 

A±(x*-,z) = A^ k \ X ^)f^ k \z) . (B. 20 ) 


j,k 


We define the propagator for the A± system by 

1 fp 2 + U 1 + 043 - -5(1-04 

2 \ -\d-0d 2 - P 2 + \{l + Od+d- 


G++ G + - 


= id ( 2 \z-z') . 


(B.21) 
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To find the solution to Eq. (B.21) we make the following ansatz 


G++(p;z;z') = 


G+-(p\ z\ z 1 ) = 
G —t-(p; z\ z') = 


G — (p; z]z') = 



(B.22) 


which satisfies the boundary conditions implied by Eq. ( B.20 ). If we further use Eq. ( 2.26| ) it is 
easy to see that the ansatz ( B.22 ) solves Eq. ( B.21| ) provided 


2 Via - p 2 - l(i+« wlJ W 4 s4 


= i 


1 0 
0 1 


(B.23) 


The solution to this system is 

/ j,k j,k \ 

/ (f++ g+- \ 


2 i 


2 ' 

j,k 


\ j.k j.k 

\g-+ g J l- 


_ (p 2 -\( 1 + mlk -K 1 - Or%M 

(P 2 - M| fe )(p 2 - tM* ik ) { _ 1 (1 _ t)rl_ k Ml k P 2 -\{1+ ml 



(B.24) 


where we defined 


j,k _ * 

9h ~ p 2 - M? 


j,k 


j,k _ * 

9(p ~ p 2 - m]k ■ 


(B.25) 


Eqs. ( B.22 ), ( B.24 ) and ( B,2.5|) completely specify the propagator (in mixed position/momentum 
space) associated with the two degrees of freedom A 4 and A 5 . 

However, one must be careful on how the above propagator, defined as the inverse of the 
quadratic operator in Eq. ( B.19|) , should be used, since one must impose the constraint A + = At. 
Starting with the path integral, one can see that the relation between the various components 

G- 1 _|_, G- 1 _, G _(_ and G _defined in Eq. ( B.22 ) and the tree-level two-point functions that 

appear in the Feynman rules are 

J d 4 xe ipx (A + (x,z)A\_( 0 ,z')) = ^ [G ++ (p; z, z') + G —(p; z 1 , z)\ , 
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(B.26) 


J d 4 xe ipx {A + (x,z)A + (0,z ')) = ^ [G+-(p-,z,z') + G+-(p; z' ,z)] , 
j d 4 xe ipx (Al(x,z)A j + (0,z')} = ^ [G-+(p; z, z') + G-+(p; z', z)\ , 
J d‘ i xe ipx (Al(x,z)A + (0,z')} = i [G— (p; z, z') + G ++ (p- z', z)] . 


Here we wrote all correlators in terms of A + by using The last two relations are 

simply the complex conjugates of the first two. Projecting, for example, the second relation 
on the momentum space wavefunctions (2.3), one gets (we indicate only the dependence on the 
extra dimensional momenta) 


/ im,l tm' ,l'\ __ • 

\ A + / — 2 

1 

~~ 2 

1 

“ 2 


/ ^(ra,Z;ra / ,Z / ) ^(—m' ,—l' 

Cr I_ + (jr I_ 


g <5(m, l ; m', l'; 1) + g + m ’ i S(—m, —l', —m', —l'\ 3) 


~m,Z 


0 +- + < 7 +- 


—m.—l 


5(m,l;m', l'\ 1) , 


(B.27) 


where we used Eq. (A.£). The remaining relations in Eq. (B.26) can be similarly expressed in 
terms of 


/ o(m,Z;m / ,Z / ) 

Ct ++ 

x~y (m,Z;m / ,Z / ) 
Ct +- 

^- y (m,Z;m / ,Z / ) 

Gr - + 

, 1 ') 


( 9h' 1 + 0 ™’*) h 3 ) , 

- r h,i (a™' 1 -9™’ 1 ) , 

-rm,l (a™’ 1 -9™’ 1 ) £(m,Z;m',Z';3) , 

(g ™’ 1 + 9 ™’ 1 ) h rri, 1) , 


(B.28) 


which follow from Eq. El, noting that from the definition of g™’}., Eq. ( |A.4| ) with rq = 3 and 
ri 2 = 1, and the explicit expression for g in Eq. (B.24), one finds g™L_ = g+’l and similarly 
g m + = g m +. an d g™’}_ = g m, l . In Eq. ( B.28 ) we also used the definitions ( B.25| ). 


B.4 Feynman Rules for Gauge Interactions 

We finally present the Feynman rules in momentum space for the interactions among fermions 
and gauge fields in six dimensions. These can be read directly from the vertices derived in [11], 
and we simply present them diagramaticaly in Figures [ll] and 12. 
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